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This course will cover the representation theory of finite groups over C. We
assume the reader knows the basic properties of groups and vector spaces.
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1 Representations

1.1 Representations as matrices

Informally, a representation of a group is a way of writing it down as a
group of matrices.

Example 1.1.1. Consider C; (a.k.a. Z/4), the cyclic group of order 4:
Cy = {67 K, :uzv :ug}
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where p* = e (we’ll always denote the identity element of a group by e).
Consider the matrices

(5 1) v=(1 )
o8 (s

Notice that M* = I. These 4 matrices form a subgroup of GLy(R) - the
group of all 2 x 2 invertible matrices with real coefficients under matrix
multiplication. This subgroup is isomorphic to Cjy, the isomorphism is

w— M
(so p? — M? pu®— M3 e I).

Example 1.1.2. Consider the group Cy x Cy (the Klein-four group) gener-
ated by o, 7 such that

ocl=1"=¢
oT =TO

Here’s a representation of this group:

1 =2
oS = <O _1)

-1 2
7T = ( 0 1)

To check that this is a representation, we need to check the relations:

w3 -

-1 0
ST_(O _1)—TS

So S and T' generate a subgroup of GLy(R) which is isomorphic to Cy x Cs.
Let’s try and simplify by diagonalising S. The eigenvalues of S are £1, and



the eigenvectors are

So if we let

Then R
pPlsp=S9

Now let’s diagonalise T": the eigenvalues are £1, and the eigenvectors are

() () e
(-() e

Notice T and S have the same eigenvectors! Coincidence? Of course not, as
we’ll see later. So if

- -1 0

(0 )
Then P7'TP =T.

Claim. S and T form a new representation of Cy x Cy

Proof.
S?=plSPP=pP'P=1
T?=P'T?°P=P'P=1
ST =P7'STP =P 'TSP =TS

Hence, this forms a representation. O

This new representation is easier to work with because all the matrices are
diagonal, but it carries the same information as the one using S and 7. We
say the two representations are equivalent.
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Can we diagonalise the representation from Example 1.1.17 The eigenvalues
of M are +1, so M cannot be diagonalised over R, but it can be diagonalized
over C. So 3P € GL5(C) such that

P‘lMP:M:(Z 0.)
0 —2

and p +— M defines a representation of Cy that is equivalent to wr M. As
this example shows, it’s easier to work over C.

Definition 1.1.3 (First version). Let G be a group. A representation of
G is a homomorphism
p:G— GL,(C)

for some number n.

The number n is called the dimension (or the degree) of the representation.
It is also possible to work over other fields (R, Q,F,, etc.) but we'll stick to
C. We'll also always assume that our groups are finite.

There’s an important point to notice here: by definition, a representation
p is a homomorphism, it is not just the image of that homomorphism. In
particular we don’t necessarily assume that p is an injection, i.e. the image
of p doesn’t have to be isomorphic to G.

If p is an injection, then we say that the representation is faithful. In
our previous two examples, all the representations were faithful. Here’s an
example of a non-faithful representation:

Example 1.1.4. Let G = Cs = (u|pu® =e€). Let n = 1. GL;(C) is the
group of non-zero complex numbers (under multiplication). Define
p:G— GL(C)

27

prur—res

so p(p¥) = e*5". We check p(p1)® = 1, so this is a well-defined representation
of Cg. But p(p?) =1 also, so

e the kernel of p is {e, u}.



2mi

e the image of p is {1, e ,e%}, which is isomorphic to Cs.
Example 1.1.5. Let G be any group, and n be any number. Define
p:G— GL,(C)

by
p:g—1, Ygeq

This is a representation, as
p(9)p(h) = 1,1, = I, = p(gh)

This is known as the trivial representation of G (of dimension n). The
kernel is equal to GG, and the image is the subgroup {I,} C GL,, which is
isomorphic to the trivial group.

Let P be any invertible matrix. The map ‘conjugate by P’
cp:GL,(C) — GL,(C)

given by
cp: Mw— P1MP

is a homomorphism. So if

p:G— GL,(C)

is a homomorphism, then so is cpop (because composition of homomorphisms
is a homomorphism).

Definition 1.1.6. Two representations of G
p1:G— GL,(C) p2:G— GL,(C)
are equivalent if 3P € GL,(C) such that ps = cp o p;.
Equivalent representations really are ‘the same’ in some sense. To understand

this, we have to stop thinking about matrices, and start thinking about linear
maps.



1.2 Representations as linear maps

Let V be an n-dimensional vector space. The set of all invertible linear maps
from V to V form a group which we call GL(V).

If we pick a basis of V' then every linear map corresponds to a matrix (see
Corollary A.3.2), so we get an isomorphism GL(V) = GL,(C). However,
this isomorphism depends on which basis we chose, and often we don’t want
to choose a basis at all.

Definition 1.2.1 (Second draft of Definition 1.1.5). A representation of
a group G is a choice of a vector space V' and a homomorphism

p:G— GL(V)

If we pick a basis of V', we get a representation in the previous sense. If we
need to distinguish between these two definitions, we’ll call a representation
in the sense of Definition 1.1.3 a matrix representation.

Notice that if we set the vector space V' to be C" then GL(V) is exactly the
same thing as GL,(C). So if we have a matrix representation, then we can
think of it as a representation (in our new sense) acting on the vector space

Cn.

Lemma 1.2.2. Let p: G — GL(V) be a representation of a group G. Let
A ={ay,...,a,} and B = {by,...,b,} be two bases for V. Then the two

associated matrix representations

pt G — GL,(C)
PG — GL,(C)

are equivalent.

Proof. For each g € G we have a linear map p(g) € GL(V). Writing this
linear map with respect to the basis A gives us the matrix p(g), and writing
it with respect to the basis B gives us the matrix p®(g). Then by Corollary
A.3.2 we have

pP(g) = P p(9)P



where P is the change-of-basis matrix between A and B. This is true for all
g € G, so

p® =cpopt

]

Conversely, suppose p; and ps are equivalent matrix representations of G,
and let P be the matrix such that p, = cp o p;. If we set V' to be the vector
space C" then we can think of p; as a representation

Now let C C C” be the basis consisting of the columns of the matrix P, so P
is the change-of-basis matrix between the standard basis and C (see Section
A.3). For each group element g, if we write down the linear map p;(g) using
the basis C then we get the matrix

P~ pi(g)P = pa(g)

So we can view p as the matrix representation that we get when we take p;
and write it down using the basis C.

MORAL: Two matrix representations are equivalent if and only if they de-
scribe the same representation in different bases.

1.3 Constructing representations

Recall that the symmetric group S, is defined to be the set of all permutations
of a set of n symbols. Suppose we have a subgroup G C S,,. Then we can
write down an n-dimensional representation of GG, called the permutation
representation. Here’s how:

Let V' be an n-dimensional vector space with a basis {b1,...,b,}. Every
element g € G is a permutation of the set {1,...,n} (or, if you prefer, it’s a
permutation of the set {by,...,b,}). Define a linear map

plg): V=V



by definining
p(g) = b = byer)
and extending this to a linear map. Now

p(g) o p(h) : by byn (k)
SO
p(g) o p(h) = p(gh)
(since they agree on a basis). Therefore
p:G— GL(V)
is a homomorphism.

Example 1.3.1. Let G = {(1), (123), (132)} C S3. G is a subgroup, and it’s
isomorphic to C3. Let V = C? with the standard basis. The permutation
representation of G (written in the standard basis) is

p((1) =

p((123)) =

p((132)) =

—_— o OO OO OO
OO = HPHF OO OO
O, O OO+~ = OO

[Aside: the definition of a permutation representation works over any field.]
But remember Cayley’s Theorem! Every group of size n is a subgroup of the

symmetric group S,.

Proof. Think about the set of elements of G as abstract set G of n symbols.
Left multiplication by g € GG defines a bijection

Ly:G—G

Ly:h— gh



and a bijection from a set of size n to itself is exactly a permutation. So we

have a map
G— S,

defined by
g— L,

This is in fact an injective homomorphism, so its image is a subgroup of .S,
which is isomorphic to G. ]

So for any group of size n we automatically get an n-dimensional repre-
sentation of (G. This is called the regular representation, and it’s very
important.

Example 1.3.2. Let G = Cy x Cy = {e,0,7,07} where 0> = 72 = ¢ and
7o = o71. Left multiplication by ¢ gives a permutation

Ls:G—>G
er— 0o
grH—e
THOoT

oT +— T

Let V' be the vector space with basis {be, by, b;, bs-}. The regular represen-
tation of G is a homomorphism

Preg - G — GL(V)
With respect to the given basis of V', p,e4(0) is the matrix

0

o O O
_— o O O
o= O O

1
Preg (‘7> 1o
0
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The other two non-identity elements go to

0010
o001
p7’€9<7—)_ 1 0 0 0
0100
0001

0010

Preg(0T) = 010 0
1 000

The next lemma is completely trivial to prove, but worth writing down:

Lemma 1.3.3. Let G be a group and let H C G be a subgroup. Let
p:G— GL(V)
be a representation of G. Then the restriction of p to H
ol : H = GL(V)

s a representation of H.
Proof. Immediate. O]

We saw an example of this earlier: for the group 5, we constructed an n-
dimensional permutation representation, then for any subgroup H C S, we
considered the restriction of this permutation representation to H.

Slightly more generally:
Lemma 1.3.4. Let G and H be two groups, let

f:H—G
be a homomorphism, and let p : G — GL(V') be a representation of G. Then
pof:H— GL(V)

is a representation of H.

11



Proof. A composition of homomorphisms is a homomorphism. O

Lemma 1.3.3 is a special case of this, where we let f : H < G be the inclusion
of a subgroup.

Example 1.3.5. Let H = Cs = (u|u® =€) and let G = C3 = (v|p® = e).
Let f : H — G be the homomorphism sending p to v. There’s a faithful
1-dimensional representation of C'3 defined by

p: G — GL(C)

2

pv—es

Then p o f is the non-faithful representation of Cg that we looked at in
Example 1.1.4.

Example 1.3.6. Let G = Cy = (u|p® =€), and let H = S, for some n.
Recall that there is a homomorphism

sgn : S, — Cy

sqn(o) = e if o is an even permutation
g | p if o is an odd permutation

There’s a 1-dimensional representation of Cy given by
p:Cy — GL(C)

pip——1

(this is a representation, because (—1)? = 1). Composing this with sgn, we
get a 1-dimensional representation of S,,, which sends each even permutation
to 1, and each odd permutation to —1. This is called the sign representa-
tion of S,,.

Finally, for some groups we can construct representations using geometry.

Example 1.3.7. D, is the symmetry group of a square. It has size 8, and
consists of 4 reflections and 4 rotations. Draw a square in the plane with
vertices at (1,1),(1,—1),(—1,—1) and (—1,1). Then the elements of D,
naturally become linear maps acting on a 2-dimensional vector space. Using
the standard basis, we get the matrices:

12



e rotate by

-1 0

e rotate by 7: ( 0 _1)
- 0 1

e rotate by 37: <_1 0)

e reflect in z-axis: (1 0 )

ISIE
7 N\
— O
o |

—_
~_

0 —1
: : -1 0
e reflect in y-axis: ( 0 1)

. 0 1
e reflect in y = a: (1 0)

. 0 -1
e reflect in y = —ua: (_1 0 )

Together with I, these matrices give a 2-dimensional representation of Dj.

1.4 (G-linear maps and subrepresentations

You should have noticed that whenever you meet a new kind of mathemati-
cal object, soon afterwards you meet the ‘important’ functions between the
objects. For example:

Objects Functions
Groups Homomorphisms
Vector spaces Linear maps
Topological spaces Continuous maps
Rings Ring Homomorphisms

So we need to define the important functions between representations.

13



Definition 1.4.1. Let

p1:G— GL(V)
p2: G — GL(W)

be two representations of G on vector spaces V and W. A G-linear map
between p; and ps is a linear map f : V' — W such that

fopi(g)=pag)of Vged

i.e. both ways round the square

v p1(g) v
! !
W p2(9) W

give the same answer (‘the square commutes’).

So a G-linear map is a special kind of linear map that respects the group
actions. For any linear map, we have

fQAz) = Af(x)
for all A € C and x € V, i.e. we can pull scalars through f. For G-linear
maps, we also have
flpr(g)(x)) = p2(g)(f(2))
for all g € G, i.e. we can also pull group elements through f.

Suppose f is a G-linear map, and suppose as well that f is an isomorphism
between the vector spaces V and W, i.e. there is an inverse linear map

LWV

such that fo f~' =1y and f~'o f = 1y (recall that f has an inverse iff f
is a bijection).

Claim 1.4.2. f~! is also a G-linear map.
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In this case, we say f is a (G-linear) isomorphism and that the two repre-
sentations p; and py are isomorphic. Isomorphism is really the same thing
as equivalence.

Proposition 1.4.3. Let V and W be two vector spaces, both of dimension
n. Let

p2: G — GL(W)

be two representations of G. Let A = {ay,...,a,} be a basis for V, and let
B ={by,...,b,} be a basis for W, and let

p G — GL,(C)
P8 .G — GL,(C)

be the matrixz representations obtained by writing p1 and py in these bases.
Then py and py are isomorphic if and only if p* and p5 are equivalent.

Proof. (=) Let f:V — W be a G-linear isomorphism. Then

fA={f(ar),..., flan)} CW

is a second basis for W. Let pgA be the matrix representation obtained by
writing down p, in this new basis. Pick g € G and let pi(g) = M, i.e.

p1(g)(ar) = Z M;ra;

(see Section A.2). Then by the G-linearity of f,
p2(9)(f(ar)) = f(p1(g)(ax))
= My f(a;)
i=1

So the matrix describing ps(g) in the basis fA is the matrix M, i.e. it is
the same as the matrix describing p;(g) in the basis A. This is true for all
g € G, so the two matrix representations pf' and pgA are identical. But by
Lemma 1.2.2, pJ* is equivalent to p5.

15



(<) Let P be the matrix such that

B __ A
P2 = CP O

Let
f:V-w

be the linear map represented by the matrix P~! with respect to the bases
A and B. Then f is an isomorphism of vector spaces, because P! is an
invertible matrix. We need to show that f is also G-linear, i.e. that

fopi(g) =palg)of, Vged

Using our given bases we can write each of these linear maps as matrices,
then this equation becomes

P olg) = p5(9)P7", VgeG

or equivalently

p5(9) = P 'pi(g) P, VgeG
and this is true by the definition of P. n

Of course, not every G-linear map is an isomorphism.

Example 1.4.4. Let G = Cy = (7 | 7> = e). The regular representation of
G, written in the natural basis, is p,¢,(€) = I and

Preg(T) = ([1) é)

(since multiplication by 7 transposes the two group elements). Let p; be the
1-dimensional representation

p1: Cy — GLi(C)
T —1

from Example 1.3.6. Now let f : C?> — C be the linear map represented by
the matrix (1, —1) with respect to the standard bases. Then for any vector

16



X = (xl) € C?, we have

Fomani = -1 (7 o) (3)

-0 ()
=pi(7) o f(x)

So f is a G-linear map from p,¢, to ps.

Example 1.4.5. Let G be a subgroup of S,. Let (V,p;) be the permu-
tation representation, i.e. V is an n-dimensional vector space with a basis

{b1,...,b,}, and
p1(9) : b = by

Let W = C, and let
p2:G— GL(W) =GL(C)

be the (1-dimensional) trivial representation, i.e. py(g) = 1Vg € G. Let
f:V — W be the linear map defined by

fb) =1 Vk
We claim that this is G-linear. We need to check that
fopi(g) =palg)of VYgei
It suffices to check this on the basis of V. We have:
f(pi(g) (b)) = flbgwy) =1
and

p2(9)(f (b)) = pa(g)(1) =1
for all g and k, so f is indeed G-linear.

Definition 1.4.6. A subrepresentation of a representation
p:G— GL(V)
is a vector subspace W C V such that
p(g)(x)eW  VgeGandzeW

17



This means that every p(g) defines a linear map from W to W, i.e. we have
a representation of G' on the subspace W.

Example 1.4.7. Let G = Cy and V = C? with the regular representation
as in Example 1.4.4. Let W be the 1-dimensional subspace spanned by the

vector (1) € V. Then

e (1= (4 0) ()= ()

SO Preg(T) N <§> ,1.e. preg(T) preserves W, so W is a subrepresentation.

It’s isomorphic to the trivial (1-dimensional) representation.

Example 1.4.8. We can generalise the previous example. Suppose we have
a matrix representation p : G — G'L,(C). Now suppose we can find a vector
x € C" which is an eigenvector for every matrix p(g), g € G, i.e.

p(g)(x) = A\gx  for some eigenvalues A\, € C*

Then the span of x is a 1-dimensional subspace (x) C C", and it’s a subrep-
resentation. It’s isomorphic to the 1-dimensional matrix representation

p:G— GL(C)
pigrr Ay

Any linear map f : V — W has a kernel Ker(f) C V' and an image Im(f) C

W which are both vector subspaces.

Claim 1.4.9. If f is a G-linear map between the two representations

p1:G— GL(V)
p2: G — GL(W)

Then Ker(f) is a subrepresentation of V' and Im(f) is a subrepresentation

of W.

Look back at Examples 1.4.4 and 1.4.7. The kernel of the map f is the
subrepresentation W.

18



1.5 Maschke’s theorem

Let V and W be two vector spaces. Recall the definition of the direct sum
VoW

It’s the vector space of all pairs (z,y) such that z € V and y € W. Its
dimension is dim V' + dim W.

Suppose G is a group, and we have representations

pw G — GL(W)

Then there is a natural representation of G on V @& W given by ‘direct-
summing’ py and py. The definition is

pvaw : G — GL(V & W)
pvew(9) 1 (2,9) = (pv(9)(x), pw(9)(y))

Claim 1.5.1. For each g, pvew(g) is a linear map, and pyew 1S indeed a
homomorphism from G to GL(V & W).

Pick a basis {ai,...,a,} for V, and {by,...,b,} for W. Suppose that in
these bases, py(g) is the matrix M and pw(g) is the matrix N. The set

{(a1,0),...,(an,0),(0,b1),...,(0,b,)}

is a basis for V @ W, and in this basis the linear map pyqw(g) is given by
the (n +m) x (n +m) matrix

M 0

0 N

A matrix like this is called block-diagonal.
Consider the linear map
w:V-oVeW

vy s x> (z,0)

19



It’s an injection, so it’s an isomorphism between V' and Im(ty). So we can
think of V' as a subspace of V & W. Also

wpv(9)(@)) = (pv(9)(x),0)
= pvew(9)(z,0)

So ty is G-linear, and Im(ty) is a subrepresentation which we can identify
with V. Similarly, the subspace {(0,y), y € W} C V & W is a subrepresen-
tation, and it’s isomorphic to W. The intersection of these two subrepresen-
tations is obviously {0}.

Conversely:

Proposition 1.5.2. Let p: G — GL(V) be a representation, and let W C V
and U C V' be subrepresentations such that

i) UNW = {0}
i) dimU 4+ dim W = dim V

Then V' is isomorphic to W & U.

Proof. You should recall that we can identify V with W @ U as vector spaces,
because every vector in V' can be written uniquely as a sum z+y with z € W
and y € U. In other words, the map

fWelU-—=V
fi(zy)—xty

is an isomorphism of vector spaces. We claim that f is also G-linear. Let’s
write

pw : G — GL(W), pv : G — GL(U)
for the representations of G on W and U, note that by definition we have

ow(g)(x) = py(g9)(z), VreW

and
pu(9)(y) = pvig)ly), YyeU

20



Then the following square commutes:

pweou(9)

(z,y)! (ow (9) (), pu(9)(y))

I 1
pv(9)

T+ pv(9)(@+y) = pv(9)(@) + pv(9)(y)

So f is indeed G-linear, and hence it’s an isomorphism of representations. [
Now suppose p : G — GL(V) is a representation, and W C V' is a subrepre-
sentation. Given the previous proposition, it is natural to ask the following:
Question 1.5.3. Can we find another subrepresentation U C V such that
UNW ={0} and dimV = dim W + dim U?

If we can, then we can split V up as a direct sum
V=WaoU
Such a U is called a complementary subrepresentation to V.

It turns out the answer to this question is always yes! This is called Maschke’s
Theorem. It’s the most important theorem in the course, but fortunately
the proof isn’t too hard.

Example 1.5.4. Recall Examples 1.4.4 and 1.4.7. We set G = (5, and V' was
the regular representation. We found a (1 dimensional) subrepresentation

= {()) e

Can we find a complementary subrepresentation? Let

-
ra) ()= (1 5) (1) == (1)

So U is a subrepresentation, and it’s isomorphic to p;. Furthermore, V' =

W @ U because WNU =0 and dimU +dimW =2 =dim V.

21



To prove Maschke’s Theorem, we need the following:

Lemma 1.5.5. Let V' be a vector space, and let W C V be a subspace.
Suppose we have a linear map

VW

such that f(x) = x for all x € W. Then Ker(f) C V is a complementary

subspace to W, 1i.e.
V =W @ Ker(f)

Proof. If © € Ker(f) N W then f(z) =2 =0, so Ker(f)NW = 0. Also, f is
a surjection, so by the Rank-Nullity Theorem,

dim Ker(f) + dim W = dim V

]

A linear map like this is called a projection. For example, suppose that
V =W @ U, and let my be the linear map

mw V=W
(,y) =

Then my is a projection, and Ker(my ) = U. The above lemma says that
every projection looks like this.

Corollary 1.5.6. Let p : G — GL(V) be a representation , and W C V a
subrepresentation. Suppose we have a G-linear projection

FV oW

Then Ker(f) is a complementary subrepresentation to W.

Proof. This is immediate from the previous lemma. m

Theorem 1.5.7 (Maschke’s Theorem). Let p : G — GL(V') be a represen-
tation, and let W C V' be a subrepresentation. Then there exists a comple-
mentary subrepresentation U C V' to W.

22



Proof. By Corollary 1.5.6, it’s enough to find a G-linear projection from V to
W. Recall that we can always find a complementary subspace (not subrepre-
sentation!) U C V to W. For example, we can pick a basis {by,...,bn}
for W, then extend it to a basis {b1,...,bm,bms1,...,b,} for V and let
U= (bpi1,....,by). Let
[ V=WaU—-W

be the projection with kernel U. There is no reason why f should be G-linear.
However, we can do a clever modification. Let’s define

f:V-=Vv

by .
1) = > (p(g) o foplg™)(@)

geG

Then we claim that f is a G-linear projection from V' to W.

First let’s check that Im f C W. For any x € V and g € G we have

flplg ™) (x) e W

and so .
p(9)(f(plg)(x))) €W
since W is a subrepresentation. Therefore f(z) € W as well.

Next we check that f is a projection. Let y € W. Then for any g € G, we
know that p(¢g~!)(y) is also in W, so

Flplg™ () = plg~ ()

23



Therefore

_ |Gly
G

=Y

So f is indeed a projection. Finally, we check that f is G-linear. For any
x €V and any h € GG, we have

(the sums on the second and third lines are the same, we've just rela-
belled /permuted the group elements appearing in the sum, sending g — hg).
So f is indeed G-linear. m

So if V' contains a subrepresentation W, then we can split V up as a direct
sum.

Definition 1.5.8. If p : G — GL(V) is a representation with no subrep-
resentations (apart from the trivial subrepresentations 0 C V and V C V)
then we call it an irreducible representation.
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The real power of Maschke’s Theorem is the following Corollary:

Corollary 1.5.9. Fvery representation can be written as a direct sum
Ul@U2@@Ur

of subrepresentations, where each U; is irreducible.

Proof. Let V' be a representation of GG, of dimension n. If V is irreducible,
we're done. If not, V' contains a subrepresentation W C V', and by Maschke’s
Theorem,

V=WaoU

for some other subrepresentation U. Both W and U have dimension less
than n. If they’'re both irreducible, we’re done. If not, one of them contains
a subrepresentation, so it splits as a direct sum of smaller subrepresentations.
Since n is finite, this process will terminate in a finite number of steps. [

So every representation is built up from irreducible representations in a
straight-forward way. This makes irreducible representations very impor-
tant, so we abbreviate the name and call them irreps. They're like the
‘prime numbers’ of representation theory.

Obviously, any 1-dimensional representation is irreducible. Here is a 2-
dimensional irrep:

Example 1.5.10. Let G = 53, it’s generated by
o= (123) T = (12)

with relations

Let

=5 L) o= (1)

where w = 3. This defines a representation of G (either check the relations,
or do the Problem Sheets). Let’s show that p is irreducible. Suppose (for a
contradiction) that 1 is a non-trivial subrepresentation. Then dim W = 1.

25



Also, W is preserved by the action of p(o) and p(7), i.e. W is an eigenspace
for both matrices. The eigenvectors of p(7) are

() e
() oo

But the eigenvectors of p(o) are
1 0
b e 0

Now let’s see some examples of Maschke’s Theorem in action:

So there is no such W.

Example 1.5.11. The regular representation of C3 = (u|u® = 3) is

001
prea(p) = (10 0
010
(c.f. Example 1.3.1). Suppose x € C? is an eigenvector of pye,(p). Then it’s
also an eigenvector of p,.,(p?), so (x) C C? is a 1-dimensional subrepresen-
tation. The eigenvectors of p,.,(t) are

1 1 1
1 ()\1 = 1) w_l (/\2 = CL)) w (/\3 = w_l)
1 w w

SO preg is the direct sum of 3 1-dimensional irreps:

()Y = ((B)) (1))

In the eigenvector basis,

1 0
pres(it) = [0 w0
0 0



Look back at Examples 1.1.1, 1.1.2 and 1.5.4. In each one we took a matrix
representation and found a basis in which every matrix became diagonal, i.e.
we split each representation as a direct sum of 1-dimensional irreps.

Proposition 1.5.12. Let p: G — GL,(C) be a matriz representation. Then
there exists a basis of C" in which every matriz p(g) is diagonal iff p is a
direct sum of 1-dimenstonal irreps.

Proof. (=) Let {x1,...,X,} be such a basis. Then x; is an eigenvector for
every p(g), so (x;) is a 1-dimensional subrepresentation, and

C" = (x1) ® (X2) D ... D (xy)
(<) Suppose C*" = U; @ ... ® U, with each U; a 1-dimensional subrepre-

sentation. Pick a (non-zero) vector x; from each U;. Then {x,...,x,} is a
basis for C". For any g € GG, the matrix p(g) preserves (x;) = U; for all i, so
p(g) is a diagonal matrix with respect to this basis. O

We will see soon that if G is abelian, every representation of G splits as a
direct sum of 1-dimensional irreps. When G is not abelian, this is not true.

Example 1.5.13. Let
P 53 — GLg((C)

be the permutation representation (in the natural basis). Recall Sj is gener-
ated by o = (123), 7 = (12). We have

00 1 010
ploy=[1 0 0 pr)=[1 0 0
010 00 1

Notice that
1
X1 = 1
1
is an eigenvector for both p(o) and p(7). Therefore, it’s an eigenvector for

p(c2), p(o7) and p(c?7) as well, so U; = (x;) is a 1-dimensional subrepresen-
tation. It’s isomorphic to the 1-dimensional trivial representation. Let

1 0
U2 = <X2 = —1 , X3 = 1 >
0 -1
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Clearly, C? = U, @ U, as a vector space. We claim U, is a subrepresentation.
We check:

p(0) 1 X9 x3 € Uy

X3 — —X9 — X3 € Uy
p(T) i x93 = —x9 € Uy

X3 — Xo + X3 € Us

In this basis, U, is the matrix representation

O (i B OR

So p is the direct sum of two subrepresentations U; @ Us. In the basis
{x1,%9,x3} for C3, p becomes the (block-diagonal) matrix representation

1 0 O 1 0 0
plc)y=1(0 0 —1 p(r)=10 -1 1
01 —1 0 0 1

The representation U, is irreducible. Either

(i) Check that ps(o) and pa(7) have no common eigenvector, or

-1
(ii) Change basis to ( L ) and (w ), then
—w —w

mo= (5 L) mn=(] )

(remember that 1+w +w™ = 0) and we proved that this was irreducible in
Example 1.5.10.

1.6 Schur’s lemma and abelian groups

Theorem 1.6.1 (Schur’s Lemma). Let py : G — GL(V) and pyw : G —
GL(W) be irreps of G.
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(i) Let f -V — W be a G-linear map. Then either f is an isomorphism,
or f is the zero map.

(ii) Let f:V — V be a G-linear map. Then f = A1y for some A € C.

Proof. (i) Suppose f is not the zero map. Ker(f) C V is a subrepresentation
of V', but V is an irrep, so either Ker(f) =0 or V. Since f # 0, Ker(f) =0,
i.e. f is an injection. Also, Im(f) C W is a subrepresentation, and W is
irreducible, so Im(f) = 0 or W. Since f # 0, Im(f) = W, ie. fisa

surjection. So f is an isomorphism.

(ii) Every linear map from V to V has at least one eigenvalue. Let A be an
eigenvalue of f and consider

~

F=(f-Ay): VoV

Then f is G-linear, because

for all g € G and z € V. Since A is an eigenvalue, Ker( f) is at least 1-
dimensional. So by part 1, f is the zero map, i.e. f = Aly. m
[Aside: (i) works over any field whereas (ii) is special to C.]

Schur’s Lemma lets us understand the representation theory of abelian groups
completely.

Proposition 1.6.2. Suppose G is abelian. Then every irrep of G s 1-
dimensional.

Proof. Let p: G — GL(V') be an irrep of G. Pick any h € G and consider
the linear map
p(h):V =V
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In fact this is G-linear, because

p(h)(p(g)(z)) = (
(gh)(x) as (G is abelian
(9)(p(h)(x))

for all g € G,x € V. So by Schur’s Lemma, p(h) = A,1y for some A\, € C.
So every element of GG is mapped by p to a multiple of 1y,. Now pick any
x € V. For any h € (G, we have

p(h)(x) = Anz € (z)

so (x) is a (l-dimensional) subrepresentation of V. But V is an irrep, so
(x) =V, ie. V is l-dimensional. O

Corollary 1.6.3. Let p : G — GL(V) be a representation of an abelian
group. Then there exists a basis of V' such that every g € G is represented
by a diagonal matriz p(g).

Proof. By Maschke’s Theorem, we can split p as a direct sum

of irreps. By Proposition 1.6.2, each U; is 1-dimensional. Now apply Propo-
sition 1.5.12. [

As remarked before, this is not true for non-abelian groups. However, there
is a weaker statement that we can prove for any group:

Corollary 1.6.4. Let p: G — GL(V) of any group G, and let g € G. Then
there exists a basis of V' such that p(g) is diagonal.

Notice the difference with the previous statement: with abelian groups, p(g)
becomes diagonal for every g € G, here we are diagonalizing just one p(g).
This is not very impressive, because ‘almost all’ matrices are diagonalizable!
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Proof. Consider the subgroup (g) C G. It’s isomorphic to the cyclic group
of order k, where k is the order of g. In particular, it is abelian. Restricting
p to this subgroup gives a representation

p:{g) = GL(V)

Then Corollary 1.6.3 tells us we can find a basis of V' such that p(g) is
diagonal. O

Let’s describe all the irreps of cyclic groups (the simplest abelian groups).
Let G = Cy = (u|pu* = e). We've just proved that all irreps of G are
1-dimensional. A 1-dimensional representation of G is a homomorphism

p:G— GL(C)
This is determined by a single number

p(p) € C

such that p(u)* = 1. So p(u) = e* 2 for some ¢ = [0,...,k — 1]. This gives
us k irreps pg, p1, .-+, Pr—1 Where

27

Pgippr—rer?

Claim 1.6.5. These k irreps are all distinct, i.e. p; and p; are not isomor-
phic if i # j.

Example 1.6.6. Let G = C; = (u|u* = €). There are 4 distinct (1-
dimensional) irreps of G. They are

po : 1 (the trivial representation)

27 .
prprredr =1

27
P et =1

2mi x3

P3 i > e —1

Look back at Example 1.1.1. We wrote down a representation

s (01
Al S
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After diagonalising, this became the equivalent representation

i 0
p'“H<o —z')

So p is the direct sum of p; and ps.

More generally, let G be a direct product of cyclic groups
G:Ckl ><CV]€2 X, XCkT

G is generated by elements fiq, . . ., ji, such that pf* = e and every pair s,
commutes. An irrep of G must be a homomorphism

p:G— GL(C)
and this is determined by r numbers

p(pa)s - p(pr)

such that p(u;)* =1 for all ¢, i.e. p(u;) = e % for some @ €10,..., k —1].
This gives k; x ... X k, 1-dimensional irreps. We label them p,, ., where

m%
pq17""q7‘ : /j/t H e kt

Claim 1.6.7. All these irreps are distinct.
Notice that the number of irreps is equal to the size of G! We'll return to
this fact later.

Example 1.6.8. Let G = Cy x Cy = (0,7|0* =7*=¢,07 = 70). There
are 4 (1-dimensional) irreps of G. They are:

poo: o1, 7—1 (the trivial representation)
poi:o0—1, 7 —1

pro:0——1,7—1

pra:0——1, 17— —1
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Look back at Example 1.1.2. We found a representation of Cy x Cs

plo) =S = <(1) _01)
p(r) =T = <_01 (1))

So p is the direct sum of pg; and py .

You may have heard of the fundamental result:

Theorem (Structure theorem for finite abelian groups). Every finite abelian
group s a direct product of cyclic groups.

So now we know everything (almost!) about representations of finite abelian
groups. Non-abelian groups are harder...

1.7 Vector spaces of linear maps

Let V and W be vector spaces. You should recall that the set
Hom(V, W)

of all linear maps from V to W is itself a vector space. If fi, fo are two linear
maps V — W then their sum is defined by

(f1+f2)V—>W

z = fi(x) + fa(2)
and for a scalar A € C, we define
Af1): V=W
z = AMfi(z)

If {ai,...,a,} is a basis for V', and {b,...,b,} is a basis for W, then we
can define

fi: VoW

NERLE
@ 0 ifk#q
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i.e. a; — b; and all other basis vectors go to zero.
The set {f;;|1 <i<mn,1<j<m}is a basis for Hom(V, W). In particular,
dim Hom(V, W) = (dim V') (dim W)

Once we've chosen these bases we can identify Hom(V, W) with the set
Mat,, s (C) of nxm matrices, and Mat,, ., (C) is obviously an (nm)-dimensional
vector space. The maps fj; correspond to the matrices which have one of
their entries equal to 1 and all other entries equal to zero.

Example 1.7.1. Let V = W = C?, equipped with the standard basis. Then
HOIH(V, W) = Mat2X2<(C)

This is a 4-dimensional vector space. The obvious basis is

10 0 1
(00 w0
0 0 0 0
(00 e (1)

Now suppose that we have representations

pw G — GL(W)

There is a natural representation of G on the vector space Hom(V, W). For
g € G, we define

Promvary(g) : Hom(V, W) — Hom(V, W)
fepwlg)ofopv(g™)

Clearly, puomv.w)(9)(f) is a linear map V' — W.
Claim 1.7.2. puonv.wy(9) is a linear map from Hom(V, W) to Hom(V, W).

We need to check that

(i) For all ¢, puomev.w)(g) is invertible.
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(ii) The map ¢ — Puomv.w)(g) is @ homomorphism.

Observe that

pHom(V,W)<h) O PHom(v,w) (g> cfe pW(h) o (PW(Q) ofo pV(g_l)) © pV(h_l)
= pw(hg)o fopy(g~th™)
= Promv) (hg)(f)

In particular,

PHom(V,W)(g) o pHom(V,W)<g_1) = IOHom(V,W)(e)
= 1Hom(v,W)

= Praomvay (971) © Priomevw) (9)
SO Promvy (97 18 inverse t0 Pyomev.in(g). So we have a function
Promv.wy : G — GL(Hom(V, W))
and it’s a homomorphism, so we indeed have a representation.

Suppose we pick bases for V and W, so py and py become matrix represen-
tations

pv i G — GL,(C)
pw : G — GLn(C)

Then Hom(V, W) = Mat,,«,»(C) and

Priomv.w) (9) © Mat,,sm (C) — Mat,, %, (C)

is the linear map
M = pw(9)M(pv(9)) ™"

Example 1.7.3. Let G = C,, and let V = C? be the regular representation,
and W be the 2-dimensional trivial representation. So

o= (1 g) md o= (5 )
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Then Hom(V, W) = Matax2(C), and puem.w)(7) is the linear map
PHom(V,W) (7—> : Mat2><2(©) — Mat2><2<C)

M = pw(T)Mpy(1)™ =M G é)

Prom(v.w) 15 @ 4-dimensional representation of Cy. If we choose a basis for
Hom(V, W), we get a 4-dimensional matrix representation

PHom(V,W) - Cy — GL4(C)

Let’s use our standard basis for Hom(V,W). We have:

e (3 90 (0 1)
(r0) G )

)

)

O =

(b 0)
()G

So in this basis, pyem.w)(7) is given by the matrix

o

o O

0010
0001
1 000
0100

When V' and W have representations of (G, we are particularly interested in
the G-linear maps from V to W. They form a subset of Hom(V, W).

Claim 1.7.4. The set of G-linear maps from V to W is a subspace of
Hom(V, W).

In particular, the set of G-linear maps from V to W is a vector space. We
call it
Homg (V, W)

In fact, Homg(V, W) is a subrepresentation of Hom(V, W).
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Definition 1.7.5. Let p : G — GL(V') be any representation. We define the
invariant subrepresentation

Vécv

to be the set
{zeV] p9)(z) =1z, VgeGC}

It’s easy to check that V¢ is actually a subspace of V, and it’s obvious that
it’s also a subrepresentation (this justifies the name). It’s isomorphic to a
trivial representation.

Proposition 1.7.6. Let py : G — GL(V) and pw : G — GL(W) be repre-
sentations. Then

Homeg (V, W) C Hom(V, W)
is exactly the invariant subrepresentation Hom(V, W)% of Hom(V, W)

Proof. Let f € Hom(V,W). Then f is in the invariant subrepresentation
Hom(V, W)% iff we have

= Promvan (9)(f) = pw(g) o fopv(g™) Vg e G
= fopv(g) =pwl(g)of VgeG
which is exactly the condition that f is G-linear. [

Example 1.7.7. As in Example 1.7.3, let G = Oy, V = C? be the regular
representation and W = C? be the 2-dimensional trivial representation. Then

M e HOHI(V, W) = Matgxg(c>
is in the invariant subrepresentation if and only if
Priomevw (T) (M) = M

In the standard basis puemv.w) 1S @ 4 X 4-matrix and the invariant subrepre-
sentation is the eigenspace of this matrix with eigenvalue 1. This is spanned
by

S = O =
—_— O = O
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So Homg(V, W) = (Hom(V, W))¢ is 2-dimensional. It’s spanned by
11 0 0
(0 O) and (1 1) € Matay2(C)

Now we can (partially) explain the clever formula in Maschke’s Theorem,
when we cooked up a G-linear projection f out of a linear projection f.

Proposition 1.7.8. Let p : G — GL(V) be any representation. Consider
the linear map

wqazp@m

geG

Then ¥ is a G-linear projection from V onto V&.
Proof. First we need to check that W(z) € V¢ for all z. For any h € G,

pwmmzﬁZwmwm

geG

= g S elho)a)

— é Zp(g)(x) (relabelling g — h™1g)
e

So U is a linear map V — VY. Next, we check it’s a projection. Let o € V©.
Then

wm-ﬁ}p@m
1
zﬁgx:x
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Finally, we check that U is G-linear. For h € G,

W(p(h)(x)) = ﬁ S p(g) (1) (@)

geG

— ﬁ S p(gh) (x)

geG

= é Zp(hg)(a:) (relabelling g — hgh™1)

geG
= p(h)¥(z)
O
As a special case, let V and W be representations of GG, and consider the rep-
resentation Hom(V, ). The above proposition gives us a G-linear projection

from

U : Hom(V, W) — Homg(V, W)

In the proof of Maschke’s Theorem, we applied V¥ to f to get f. This explains
why f is G-linear, but we’d still have to check that f is a projection.

1.8 More on decomposition into irreps

In Section 1.5 we proved the basic result (Corollary 1.5.9) that every repre-
sentation can be decomposed into irreps. In this section, we’re going to prove
that this decomposition is unique. Then we’re going to look at the decom-
position of the regular representation, which turns out to be very powerful.

Before we can start, we need some technical lemmas.
Lemma 1.8.1. Let U, V,W be three vector spaces. Then we have natural
1somorphisms

(1) Hom(V,U & W) = Hom(V,U) @ Hom(V, W)

(it) Hom(U & W, V) = Hom (U, V') @ Hom(W, V)
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Furthermore, if U,V,W carry representations of G, then (i) and (ii) are
1somorphisms of representations.

Before we start the proof, notice that all four spaces have the same dimension,
namely

(dim V)(dim W + dim U)

so the statement is at least plausible!

Proof. Recall that we have inclusion and projection maps
Ly W
U LW

where
w x> (z,0)

v (T, y) -

and similarly for ¢y and . From their definition, it follows immediately
that

LUO7TU+LWo7TW = ]-U@W
(i) Define

P :Hom(V,U & W) — Hom(V,U) & Hom(V, W)

by
P:fw— (myo fimwof)

In the other direction, define
P~ : Hom(V,U) ® Hom(V, W) — Hom(V,U & W)

by
P~V (fu, fw) = wo fu +wwo fw

Claim 1.8.2. P and P~ are linear maps.
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Also, P and P! are inverse to each other (as our notation suggests!). We
check that
PloP:frwompof+uyomwof
=(pomy+iwomy)o f
=f
but both vector spaces have the same dimension, so P o P~ must also be

the identity map (or you can check this directly). So P is an isomorphism of
vector spaces.

Now assume we have representations py, pw, py of G on V, W and U. We
claim P is G-linear. Recall that
PHom(V,UeaW)(g)(f) = Pveew(g) ofo pV(;qil)
We have
70 © (Promvvaw)(9)(f)) = Tv 0 prew(g) o f o pv(g™)
=pu(g)omyo fopy(g™) (since 7y is G-linear)
= prom(U,v)(9)(f)
and similarly for W, so
P(pHom(V,U@W) (9)(f)) = (myo PHom(V,UdW) (9)(f),mw o PHom(V,USW) (9)(f))
),

= (PHom(v,0) (9)(TU © [), Priomevw) (9) (Tw © [))
= PHom(V,U)®Hom(V,IV) (9)(7TU of,mwo f)

So P is G-linear, and we’ve proved (i).

(i) Define
I :Hom(U & W, V) — Hom(U, V') @ Hom(W, V')
by
I:fw fouw,fouww)
and
I : Hom(U, V) @ Hom(W, V) — Hom(U & W, V)
by
I (fo, fv) = foomu + fw o mw
Then use very similar arguments to those in (i). O
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Corollary 1.8.3. If U, V,W are representations of G, then we have natural
1somorphisms

(1) Homg(V,U & W) = Homg(V,U) @ Homg(V, W)
(1i) Homg(U & W, V) = Homg(U, V') & Homg(W, V)

There are two ways to prove this corollary. We’ll just give the proofs for (i),
the proofs for (ii) are identical.

1st proof. By Lemma 1.8.1, we have a isomorphism of representations
P :Hom(V,U & W) — Hom(V,U) & Hom(V, W)

Suppose f € Hom(V,U @ W) is actually G-linear. Then since 7y and my
are G-linear, we have that

P(f) € Homg(V,U) @ Homg(V, W)

Now suppose that fiy € Hom(V,U) and fy € Hom(V, W) are both G-linear.
Then
P~ (fu, fw) € Homg(V,U & W)

because ¢y and 1y are G-linear and the sum of two G-linear maps is G-linear.
Hence P and P~! define inverse linear maps between the two sides of (i). [

2nd proof. We have a G-linear isomorphism
P :Hom(V,U & W) — Hom(V,U) & Hom(V, W)

Thus P must induce an isomorphism between the invariant subrepresenta-
tions of each side. From Proposition 1.7.6, the invariant subrepresentation
on the left-hand-side is

Hom(V,U @ W)¢ = Homg(V,U @ W)
For the right-hand-side, we have
(Hom(V, U) & Hom(V, W))“ = Hom(V, U)¢ & Hom(V, W)€
(this is true for any direct sum of representations) which is the same as

Homg(V,U) @ Homg(V, W)
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Now that we’ve dealt with these technicalities, we can get back to learning
more about the decompostion of representations into irreps.

Let V and W be irreps of G. Recall Schur’s Lemma (Theorem 1.6.1), which
tells us a lot about the G-linear maps between V' and W and between V' and
V. Here’s another way to say it:

Proposition 1.8.4. Let V and W be irreps of G. Then

0 of V and W aren’t isomorphic

dim Homg(V, W) = { 1 if V and W are isomorphic

Proof. Suppose V and W aren’t isomorphic. Then by Schur’s Lemma, the
only G-linear map from V' to W is the zero map, so

Homg (V, W) = {0}
Alternatively, suppose that fy : V' — W is an isomorphism. Then for any
f € Homg(V, W):
foto f € Homg(V, V)
So by Schur’s Lemma, fy'of = Ay, ie. f = \fo. So fo spans Homg(V, W).
]

Proposition 1.8.5. Let p: G — GL(V) be a representation, and let
V - Ul @ CRCIRS @ Us

be a decomposition of V into irreps. Let W be any irrep of G. Then the num-
ber of irreps in the set {Uy, ..., Us} which are isomorphic to W is equal to the
dimension of Homg(W, V). It’s also equal to the dimension of Homeg(V, W).

Proof. By Corollary 1.8.3,

Homg (W, V) = €D Home (W, U;)
i=1
SO .
dim Homg (W, V) =) _ dim Home (W, U;)
i=1
By Proposition 1.8.4, this equals the number of irreps in {Uy, ..., Us} that are

isomorphic to W. An identical argument works if we consider Homg(V, W)
instead. [
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Now we can prove uniqueness of irrep decomposition.

Theorem 1.8.6. Let p: G — GL(V) be a representation, and let

V:Ul@@Us
Vv=U,a...0U,

be two decompositions of V' into irreducible subrepresentations. Then the two
sets of irreps {Uy,...,Us} and {Uy,...,U.} are the same, i.e. s = r and
(possibly after reordering) U; and U; are isomorphic for all i.

Proof. Let W be any irrep of G. By Proposition 1.8.5, the number of irreps in
the first decomposition that are isomorphic to W is equal to dim Homg (W, V).
But the number of irreps in the second decomposition that are isomorphic
to W is also equal to dim Homg (W, V). So for any irrep W, the two decom-
positions contain the same number of factors isomorphic to W. O]

Example 1.8.7. Let G = S3. So far, we’ve met three irreps of this group.
Let
pP1: Sg — GL(Ul)

the 1-dimensional trivial representation, let
P2 - Sg — GL(UQ)

be the sign representation (see Example 1.3.6), which is also 1-dimensional,
and let
pP3 - S3 — GL(U3)

be the 2-dimensional irrep from Example 1.5.10. For any non-negative inte-
gers a, b, c we can form the representation

Upe g U @ USe

By the above theorem, all of these representations are distinct.

So if we know all the irreps of a group G (up to isomorphism), then we know
all the representations of GG: each representation can be described, uniquely,
as a direct sum of some number of copies of each irrep. This is similar to
the relationship between integers and prime numbers: each integer can be
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written uniquely as a product of prime numbers, with each prime occuring
with some multiplicity. However, there are infinitely many prime numbers!
As we shall see shortly, the situation for representations of G is much simpler.

In Section 1.3 we constructed the regular representation of any group G. We
take a vector space V¢, which has a basis

{bg | g € G}
(so dim V;, = |G|), and define
preg : G = GL(Vieg)
by
Preg(h) : by > bng

(and extending linearly). We claimed that this representation was very im-
portant. Here’s why:

Theorem 1.8.8. Let Ve = Uy @ ... @ U be the decomposition of Vieq as a
direct sum of irreps. Then for any wrrep W of G, the number of factors in
the decomposition that are isomorphic to W is equal to dim W.

Before we look at the proof, let’s note the most important corollary of this
result.

Corollary 1.8.9. Any group G has only finitely many irreducible represen-
tations (up to isomorphism).

Proof. Every irrep occurs in the decomposition of V., at least once, and
dim V., is finite. O

So for any group G there is a finite list Uy, ..., U, of irreps of G (up to isomor-
phism), and every representation of G can be written uniquely as a direct

suil
Udn g ..o U

for some non-negative integers aq,...,a,. In particular, Theorem 1.8.8 says
that V,.., decomposes as

d d
Vieg=UP" & ... U
where
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Example 1.8.10. Let G = S5, and let Uy, Uy, U3 be the three irreps of S3
from Example 1.8.7. The regular representation V,., of S3 decomposes as

‘/reg:Ul@UQ@U?fBQ@...
But dim V,., = |S5| = 6, and
dm(U, @ Uy, @U?) =14+14+2x2=6

so there cannot be any other irreps of Ss.

The proof of Theorem 1.8.8 follows easily from the following:

Lemma 1.8.11. For any representation W of G, we have a natural isomor-
phism of vector spaces

Homg(Viey, W) =W

Proof. Recall that we have a basis vector b, € V,, corresponding to the
identity element in G. Define a function

T :Homg(Viey, W) = W

by ‘evaluation at b.’, i.e.
T:f— f(be)
Let’s check that T is linear. We have

T(fi+ f2) = (f1 + f2)(be) = fi(be) + f2(be) = T(f1) +T(f2)

and
TAf) = (Af)(be) = Af(be) = AT(f)

so it is indeed linear. Now let’s check that T is an injection. Suppose that
f € Homg(V,ey, W), and that T'(f) = f(b.) = 0. Then for any basis vector
by € Vieq, we have

f(bg) = f(preg(9)(be)) = pw(9)(f(be)) = 0

So f sends every basis vector to zero, so it must be the zero map. Hence T
is indeed an injection. Finally, we need to check that 7T is a surjection, so we
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need to show that for any x € W there is a G-linear map f from V., to W
such that f(b.) = z. Fix an x € W, and define a linear map

fiVieg—= W

by
f by = pw(g)(z)

Then in particular f(b.) = x, so we just need to check that f is G-linear.
But for any h € G, we have

f o preg(h) : bg = pw(hg)(l’)
pw(h) o f: by pw(h)(pw(g)(x)) = pw(hg) ()

So f o preg(h) = pw(h)o f, since both maps are linear and they agree on the
basis. Thus f is indeed G-linear, and we have proved that T is a surjection.
O

Proof of Theorem 1.5.8. Let V,og = U1 ®...® U, be the decomposition of the
regular representation into irreps. Let W be any irrep of GG. By Proposition
1.8.5, we have that dim Homg(V,e,, W) equals the number of U; that are
isomorphic to W. But by Lemma 1.8.11,

dim Homg (Vyeg, W) = dim W
]

Corollary 1.8.12. Let Uy, ..., U, be all the irreps of G, and let dim U; = d;.
Then .

Y & =1q

i=1

Proof. By Theorem 1.8.8,
Vig=UP" @ ... @ UP™

Now take dimensions of each side. O
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Notice this is consistent with out results on abelian groups. If GG is abelian,
d; = 1 for all 7, so this formula says that

=Y =lo
i=1

i.e. the number of irreps of GG is the size of G. This is what we found.

Example 1.8.13. Let G = S;. Let Uy,...,U, be all the irreps of GG, with
dimensions di,...,d,. Let U; be the 1-dimensional trivial representation
and U, be the sign representation, so d; = dy = 1. For any symmetric group
Sy, these are the only possible 1-dimensional representations (see Problem
Sheets), so we must have d; > 1 for i > 3. We have:

4. +d=|G| =24

= dit+...+dP=22

This has only 1 solution. Obviously d;, < 4 for all k, as 52 = 25. Suppose
that d, = 4, then we would have

B+.. . +d =22-16=6

This is impossible, so actually dj € [2,3] for all k. The number of k£ such
that dr = 3 must be even because 22 is even, and we can’t have d = 2 for
all k since 4 1 22. Therefore, the only possibility is that d3 = 2,d, = 3 and
ds = 3. So G has 5 irreps with these dimensions.

Example 1.8.14. Let G = D,. Let the irreducible representations be
Ui, ...,U, with dimensions di,...,d,. As usual, let U; be the 1-dimensional
trivial representation. So

d+.. . +d=|G-1=T7

So either

(i) r=8, andd; =1 Vi

(11) T:5, andd2:d3:d4:1,d5:2
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In the Problem Sheets we show that D4 has a 2-dimensional irrep, so in fact
(ii) is true. The 2-dimensional irrep Us is the representation we constructed
in Example 1.3.7 by thinking about the action of D, on a square. If we
present Dy as (0,7 | 0 = 72 = ¢, 707 = 071) then the 4 1-dimensional irreps
are given by

pij 10 > (=1)'
T (—1)

for 4,5 € {0,1}.

1.9 Duals and tensor products

Let V' be a vector space. Recall the definition of the dual vector space:
V* = Hom(V, C)

This is a special case of Hom(V, W) where W = C. So dim V* = dim V, and
if {by,...,b,} is a basis for V, then there is a dual basis {fi,..., f,} for V

defined by
1t i=g
fi(bj)_{ 0 if i#j
Now let py : G — GL(V) be a representation, and let C carry the (1-
dimensional) trivial representation of G. Then we know that V* carries a
representation of GG, defined by
promvey(g) s f = fopv(g™)
We'll denote this representation by (py)*, we call it the dual representation
to py.
Another way to say it is that we define
(ov)™(g) - V" = V*
to be the dual map to
ovig): V=V

If we have a basis for V', so py(g) is a matrix, then pi{ (g) is described in the
dual basis by the matrix

pv(g)~"
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Example 1.9.1. Let G = S3 = (0,7 |0®> =72 =¢,707 = 0 !) and let p be
the 2-dimensional irrep of GG. In the appropriate basis (see Problem Sheets)

plo) = (cg wol) (where w = ¢3")

p(7) = G é)

The dual representation (in the dual basis) is

o= (1 o)

This is equivalent to p under the change of basis

0 1
P=(1 )
So in this case, p* and p are isomorphic.

Example 1.9.2. Let G = C5 = (u | p* = ) and consider the 1-dimensional
representation

27

pLipp—=w=e¢e3
The dual representation is

1 4mi

plip—w  =es

So in this case,
p1 = p2
In particular, p; and pj are not isomorphic.
You should recall that (V*)* is naturally isomorphic to V' as a vector space.
The isomorphism is given by
OV — (V)

z+— d,
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where
e, V' = C
[ fla)
We claim @ is G-linear. Pick z € V, and consider ®(py (g)(z)). This is the
map
oy () V" = C
f = f(pv(9)(x))

Now consider (py+)*(¢)(®(z)). By definition, this is the map
0 py(g) V= C
f= @ (pve(97)(f))
= &, (fopv(9))
= (fopv(9) ()
So @ (py(g)(x)) and (py+)*(g) (®(x)) are the same element of (V*)*, so ® is

indeed G-linear. Therefore, (V*)* and V' are naturally isomorphic as repre-
sentations.

Proposition 1.9.3. Let V' carry a representation of G. Then 'V is irreducible
if and only if V* 1is irreducible.

Proof. Suppose V' is not irreducible, i.e. it contains a non-trivial subrepre-
sentation U C V. By Maschke’s Theorem, there exists another subrepre-
sentation W C V such that V = U & W. By Corollary 1.8.3, this implies
V*=U*® W*, so V* is not irreducible. By the same argument, if V* is not
irreducible then neither is (V*)* = V. O

So ‘taking duals’ gives an order-2 permutation of the set of irreps of G.

Next we're going to define tensor products. There are several ways to define
these, of varying degrees of sophistication. We’ll start with a very concrete
definition.

Let V and W be two vector spaces and assume we have bases {ay,...,a,}

for V and {by,...,b,} for W.
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Definition 1.9.4. The tensor product of VV and W is the vector space
which has a basis given by the set of symbols

{a; @b |1 <i<n,1<t<m}
We write the tensor product of V' and W as
VoW

By definition, dim(V ® W) = (dim V)(dim W). If we have vectors z € V
and y € W, we can define a vector

rQyeVeW
as follows. Write x and y in the given bases, so
T =MNa+ ...+ \a,
Yy =pb + ...+ by,

for some coefficients \;, iy € C. Then we define

rTRY = Z ittt @ @ by

1€[1,n]
te[l,m)]

(think of expanding out the brackets). Now let V' and W carry representa-
tions of G. We can define a representation of G on V ® W, called the tensor
product representation. We let

PV®W(9) VoW VW
be the linear map defined by

Pvew(9) @i ® by = py(9)(a:i) @ pw(g)(be)

Suppose py(g) is described by the matrix M (in this given basis), and pw(g)
is described by the matrix N. Then

Pvew () : a; @ by — <Z Mjiaj> & (Z Nstbs>
j=1 s=1

= Z MjiNstaj®bs

JE[l,n]
s€[1,m]
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So pyew(g) is described by the nm x nm matrix M ® N, whose entries are

js,it
This notation can be quite confusing! This matrix has n x m rows, and to
specify a row we have to give a pair of numbers (j, s), where 1 < j < n and
1 < s < m. When we write js above, we mean this pair of numbers, we don’t
mean their product. Similiarly to specify a column we have to give another
pair of numbers (i,t). Fortunately we won’t have to use this notation much.

We haven’t checked that py g, is @ homomorphism. However, there is a more
fundamental question: how do we know that this construction is independent
of our choice of bases? Both questions are answered by the following:

Proposition 1.9.5. V@ W is isomorphic to Hom(V*, W).

We can view this proposition as an alternative definition for V @ W. It’s
better because it doesn’t require us to choose bases for our vector spaces,
but it’s less explicit.

[Aside: this definition only works for finite-dimensional vector spaces. There
are other basis-independent definitions that work in general, but they’re even
more abstract.]

Proof. Let {au,...,a,} be the basis for V* dual to {ai,...,a,}. Then
Hom(V*, W) has a basis {fi; | 1 <i<n,1 <t <m} where

fri w0 = by
Qg 0

Define an isomorphism of vector spaces between Hom(V*, W) and V@ W by
mapping

Jii = a; Qb
To prove the proposition it’s sufficient to check that the representation pyom = w)
agrees with the definition of py 4y, when we write it in the basis {f;}. Pick
g € G and let py(g) and py (g) be described by matrices M and N in the
given bases. By definition,

pHom(V*,W)(g) : fu = pw(g) o fuopys (9_1)
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Now

pv*(g_l) Qg ZMijéj

J=1

because py+(g~!) is given by the matrix M7T in the dual basis. So

fiiopy=(g7") : ag = Myb;

and
pw(g) o fiiopv(g7") s i = My, <Z Nstbs>
=1

Therefore, if we write pw (g) o fu © pv+(g~") in terms of the basis {fs;}, we
have

pw(g) o friopv(g7") = Z M;iNst fs;

Je[l,n]
s€[1,m]

(since both sides agree on each basis vector o) and this is exactly the formula
for the tensor product representation py gy - O]

Corollary 1.9.6. Hom(V, W) is isomorphic to V* @ W.

Proof.
V*®@ W = Hom((V*)*, W) = Hom(V, W)

]

In general, tensor products are hard to calculate, but there is an easy special
case, namely when the vector space V' is 1-dimensional. Then for any g € G,
pv(g) is just a scalar, so if py(g) is described by a matrix N (in some basis),
then py gy is described by the matrix py(g)N.

Example 1.9.7. Let G = S3, and W be the 2-dimensional irrep, so

pw (o) = ((6} w01> s pw(T) = ((1] (1))

Let V be the 1-dimensional sign representation, so
pv(o) =1, py(r)=—-1
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Then V ® W is given by
w 0 0 -1
pV®W(0> = (O wl) ) pV®W(T) = <_1 0 )

In general, the tensor product of two irreducible representations will not be
irreducible. For example, if W is the 2-dimensional irrep of S3 as above, then
W ® W is 4-dimensional and so cannot possibly be an irrep. However,

Claim 1.9.8. If V is I-dimensional, then V & W is irreducible iff W is
wrreducible.

Therefore in the above example the 2-dimensional representation V' ® W is
irreducible. We know that there’s only one 2-dimensional irrep of Ss, so
V @ W must be isomorphic to W. Find the change-of-basis matrix!

2 Characters

2.1 Basic properties
Let M be an n x n matrix. Recall that the trace of M is
Tr(M) = 2”: M;;
i=1
If N is another n x n matrix, then

Te(NM) =) NyMj; = Tr(MN)
ij=1

which implies that

Tr(P'MP) = Te(PP™'M) = Tr(M)
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Definition 2.1.1. Let V be a vector space, and
f: V=V

a linear map. Pick a basis for V and let M be the matrix describing f in
this basis. We define
Tr(f) = Tr(M)

This definition does not depend on the choice of basis, because choosing a
different basis will produce a matrix which is conjugate to M, and hence has
the same trace.

Now let G be a group, and let p be a representation
p:V—=GL(V)
on a vector space V.

Definition 2.1.2. The character of the representation p is the function

X, :G—C
g+ Tr(p(g))

Notice that x, is not a homomorphism in general, since generally
Tr(MN) # Tr(M) Tr(N)

Example 2.1.3. Let G = Cy x Cy = (0,7 | 0> = 7% = ¢,07 = 70). Let p be
the direct sum of p; and py 1, so

=5 1) o= (3 1)

Then
Xp P> 2
o —2
T—0
or +— 0
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Proposition 2.1.4. Isomorphic representations have the same character.

Proof. In Proposition 1.4.3 we showed that if two representations are isomor-
phic, then there exist bases in which they are described by the same matrix
representation. ]

Later on we’ll prove the converse to this statement, that if two representations
have the same character, then they’re isomorphic!

Proposition 2.1.5. Let p : G — GL(V) be a representation of dimension
d, and let x, be its character. Then

(i) If g and h are conjugate in G then
Xp(9) = Xo(h)

(i) For any g € G

(i1i) Xp(e) = d

(iv) For all g € G,
Xp(9)l < d

and |x,(g9)| = d if and only if p(g) = A1y for some A € C
Proof. (i) Suppose g = u~'hu for some p € G. Then
p(g) = p(u=")p(h)p(p)

So in any basis, the matrices for p(g) and p(h) are conjugate, so

Tr (p(g)) = Tr (p(h))

This says that x, is a class function, more on these later.

(ii) Let g € G and let the order of g be k. By Corollary 1.6.4, there exists a
basis of V' such that p(g) becomes a diagonal matrix. Let Aq,..., \g be the
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diagonal entries (i.e. the eigenvalues of p(g)). Then each A; is a kth root of
unity, so |\;| =1, so A;' = A;. Then
d d

Xolg ) =Tr(p(g™") =D A

=1 i=

)\_i = Xp(g>
1

(iii) In every basis, p(e) is the d x d identity matrix.

(iv) Using the same notation as in (ii), we have

d
< Z A\ =d
i—1

by the triangle inequality. Furthermore, equality holds iff

d

>

i=1

1Xo(9)| =

arg(\;) = arg();) forall ¢,
< A\ =); foralli,j (since |\ =|\;j| =1)
< p(g) = A1y for some A\ € C

Property (iv) is enough to show:

Corollary 2.1.6. Let p be a representation of G (of dimension d), and let
X, be its character. Then for any g € G

plg) =1 <= x,(9)=d

Proof. (=) is obvious.

(<) Assume x,(9) = d. Then |x,(9)] = d, so by Proposition 2.1.5(iv)
p(g) = A1 for some A € C. But then x,(g9) = A\d, so A = 1. O
So if you know Y, then you know the kernel of p. In particular you know

whether or not p is faithful.

Let &, ¢ be any two functions from G to C. Then we define their sum and
product in the obvious ‘point-wise” way, i.e. we define

€+ Q)(g) =¢(g) +<(9)
(€¢)(g9) = &(9)¢(9)
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Proposition 2.1.7. Let py : G — GL(V) and pw : G — GL(W) be repre-
sentations, and let x and xw be their characters.

(i) xvew = xv + xw

(1) Xvew = XvXw

(iii) xv- = Xv

(ZU) XHom(V,W) = XV XWw

Proof. (i) Pick bases for V and W, and pick g € G. Suppose that py(g) and
pw(g) are described by matrices M and N in these bases. Then pyaw(g) is
described by the block-diagonal matrix

(v %)

Tr (pvew(g)) = Te(M) + Tr(N) = Tr (pv(9)) + T (pw (9))

So

(i) pvew(g) is given by the matrix
M ® Njsi = M;iNg
The trace of this matrix is

Z[M ® Nlitit = Z M;i Ny
it it
= Tr(M) Tr(N)
ie. xvew(9) = xv(9)xw(g). This formula is very useful, it means we can
now forget the definition of the tensor product for most purposes!

(iii) py+(g) is described by the matrix M7, so

Tr (pv-(g)) = Te(M ™)
=Tr(M™)

=xvig™)
=%y (g9) (by Proposition 2.1.5(ii))
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Le. xv+(9) = xv(9)-
(iv) By Corollary 1.9.6, the representation Hom(V, W) is isomorphic to the
representation V* ® W, so the statement follows by parts (ii) and (iii). [

If p is an irreducible representation, we say that x, is an irreducible char-
acter. We know that any group G has a finite list of irreps

U,....U,

so there is a corresponding list of irreducible characters

X155 Xr

We also know that any representation is a direct sum of copies of these
irreps, i.e. if p: G — GL(V) is a representation then there exist numbers
mq, ..., m, such that

V=U™@&.. oUs

Then by Proposition 2.1.7(i) we have
Xp =MiX1+ ...+ M Xr

So every character is a linear combination of the irreducible characters (with
non-negative integer coefficients).

The character of the regular representation p,.4 is called the regular char-
acter, we write it as Xy eq-

Proposition 2.1.8. (i) Let {U;} be the irreps of G, and let d; be their
dimensions. Let {x;} be the corresponding irreducible characters. Then

Xreg = lel +... .+ d’r’Xr

(ii) .
wale) ={ G 007
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Proof. (i) By Theorem 1.8.8
Vieg = UPM @ ... US
Taking characters of each side gives the statement.

(ii) Xreg(e) = dim V,¢, = |G| by Proposition 2.1.5(iii). Suppose g # e. Then
for all h € G,
gh # h

The regular representation has a basis {b; | h € G}, and p,¢,(g) is the linear
map
bh — bgh

Since by, # b, ¥ h, we have Tr (p,4(g)) = 0. O

Part (ii) can be generalized to arbitrary permutation representations (see
Problem Sheets).

Example 2.1.9. Let G = C}, = (u | u* = e). The irreps of G are the
1-dimensional representations

pq:,u>—>e%q, qge[0,k—1]
So the irreducible characters are the functions
Xg=p;:G—C

(for 1-dimensional representations, the character is the same thing as the
representation). Lets check the identities from the previous proposition. If

Xreg =Xo+ . --+ Xe-1
then

Xreg(€) = Xo(€) + ... + Xxr-1(e)
=1+...+1=k=|G|

and N N
Xoeg(t) =14 € 4. 4 eFED =0
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which is a familiar identity for roots of unity. In fact, for all s € [1,k — 1],
the (maybe less familiar) identity

k—1

Z (e%yq =0

q=0

must hold, because both sides equal x4 (1°).

2.2 Inner products of characters

Let C% denote the set of all functions from G to C. Then C% is a vector
space: we've already defined the sum of two functions, and similarly we can
define scalar multiplication by

G —C
g A(9)
for ¢ € C“ and )\ € C.

The space C¢ has a basis given by the set of ‘characteristic functions’

{0 | 9 € G}
defined by
_ 1 if h=g
5g.h%{0 it h£g

To see that this indeed a basis, notice that we can write any function ¢ € C¢

as a linear combination
§= Z £(9)dy

geG
This is an equality because both sides define the same function from G to C,
furthermore it should be obvious that this is the unique way to write £ as a

linear combination of the d,. Consequently, the dimension of C¢ is the size
of G.

We've seen this vector space before. Recall that the vector space V., on
which the regular representation acts is, by definition, a |G|-dimensional
vector space with a basis {b, | ¢ € G}. Then the natural bijection of sets

{041 g€ Gt {by] g €G}
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induces a natural isomorphism of vector spaces
G
C = ‘/reg

Despite this we're going to keep two different notations, because we’re going
to think of these two vector spaces differently, and do different things with
them. In particular when we we write C? we’ll generally ignore the fact that
it carries a representation of G.

Viewing the vector space C% as a space of functions, we can see an important
extra structure, it carries a Hermitian inner product.

Definition 2.2.1. Let ¢, ¢ € C%. We define their inner product by

(€1¢) = 25

gEG

It’s easy to see that (£|() is linear in the first variable, and conjugate-linear
in the second variable, i.e.

(EIXC) = A(El¢)
It’s also clear that

(€l¢) = ({Cley

Finally, the inner-product of any vector y with itself is

€le)y => " I¢(g)

geG

which is a non-negative real number, and equal to zero iff £ = 0. The
(positive) square-root of this number is called the norm of £. This list of
properties are the definition of a Hermitian inner product.

You should recall that there is a standard inner product on the vector space
C™, defined by

(z|y) = 2195 + ... + TnTn

and often written as ‘x.y’. This is an example of a Hermitian inner product.
If we identify C with C" (where n = |G|) using our basis {d,}, then our
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inner product is almost the same as the standard one, they only differ by the

overall scale factor ﬁ

The standard basis eq, ..,e, € C" are orthonormal with respect to the stan-
dard inner product, which means that e;.e; = 0 if i # j (they’re orthogonal),
and e;.e; = 1 (they each have norm 1). Notice that our basis elements {d,}
for C¢ are not quite orthonormal with respect to the inner product that
we’'ve defined, because we have

0 if h+#yg

dti =4 i Ly

Recall that the characters of G are elements of C®, so we can evaluate this

inner product on pairs of characters. The answer turns out to be very useful.

Theorem 2.2.2. Let py : G — GL(V) and pw : G — GL(W) be represen-
tations, and let xv, xw be their characters. Then

{(xw|xv) = dim Homg(V, W)

In particular, the inner product of two characters is always a non-negative in-
teger. This is a strong restriction, because the inner product of two arbitrary
functions (i.e. not necessarily characters) can be any complex number.

Before we begin the proof, two quick lemmas:

Lemma 2.2.3. Let V' be a vector space (of dimension n), and let fy, fo be
linear maps from V to V. Then for any scalars \1, Ay € C, we have

Tr()\1f1 + )\Qfg) = )\1 Tr(fl) -+ )\2 Tr(fg)

In other words, Tr is a linear map

Tr: Hom(V, V) — C
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Proof. Pick any basis for V', and let M; and My be the matrices describing
f1 and f5 in this basis. Then

Tr(Afi1 + Ao fo) = Tr(AL My + Ao M) = Z()\lMl + Ao Ms);;
=1

=\ Z(Ml)” + A2 Z(MQ)ZZ =\ Tr(fl) + A2 Tl“(fg)

i=1 =1
]

Lemma 2.2.4. Let V' be a wvector space, with subspace U C V', and let
m:V =V a projection onto U. Then

Tr(7) = dim U

Proof. Recall that V' = U®Ker (7). Pick bases for U and Ker(7), so together
they form a basis for V. In this basis, 7 is given by the block-diagonal matrix

1 0

0 0
with dim U being the size of the top block and dim Ker(7) being the size of
the bottom block. So Tr(7) = Tr(1y) = dim U. O

Now we can present the proof of the Theorem.

Proof of Theorem 2.2.2. Recall that
Home(V, W) C Hom(V, W)
is the invariant subrepresentation, and that the map
U :Hom(V, W) — Hom(V, W)
= é S romivan(9)()

geG

is a projection onto Homg(V, W) (see Proposition 1.7.8). We claim that
Tr(¥) = (xwlxv)
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By Lemma 2.2.4, this would prove the theorem.
Our projection map V¥ is a linear combination of the maps
Prom(v,w)(g) : Hom(V, W) — Hom(V, W)

Therefore, by Lemma 2.2.3 we have

Tr(V) = |G| ZTY PHom(v.w)(9))

geG

However,
Tr()OHom(V,W) (9)) = XHom(V,W) (9)
by definition, and L
XHom(V,W) (9) = XV(g)XW(9>

by Proposition 2.1.7(iv). Therefore

geG
L]

Corollary 2.2.5. Let x1,..., X, be the irreducible characters of G. Then
_f1if =
Proof. Let x; and x; be the characters of the irreps U;, U;. Then

1 if U;, U; isomorphic

(Xilxz) = dim Homg(U;, U) = { 0 if U;, U; not isomorphic

by Proposition 1.8.4. O

So the irreducible characters form a set of orthonormal vectors in C¢. There-
fore, if we take any linear combination of them

£=Mxq+ .. Ax € CY
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(with Ay, ..., A, € C) then we can calculate the coefficient of y; in £ as the
inner product

(€ha) = A
In particular the irreducible characters must be linearly independent, because
if we have some co-efficients such that

>\1X1 + -~-)\7‘X7" =0
then the above formula tells us that each A; is equal to zero.
Now take a representation p : G — GL(V'), and look at its character x,. We
know that x, can be written as a linear combination
Xp =MiX1+ ...+ M Xr

of the irreducible characters, because the representation V' can be decom-
posed into irreps. The m; are non-negative integers, they count the number
of copies of the irrep U; occuring in V. We can calculate these coefficients
by calculating the inner product

(Xolxi) = m;
We've just proved:

Corollary 2.2.6. Let p: G — GL(V) be a representation, and let x, be its
character. Then the number of copies of the irrep U; occuring in the irrep
decomposition of V' is given by the inner product (x,|x:)-

We can view this as a combination of Theorem 2.2.2 and Proposition 1.8.5,
because

(Xp|xi) = dim Hom¢(U;, V)

This gives us an extremely efficient way to calculate irrep decompositions!

Example 2.2.7. Let G = C; = (u | u* = e). Here’s a 2-dimensional
representation:
T 2
pip— M= (1 —i)

2 2 10
o M _(0 1)

W M =M

The character of p takes values
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(these are the characters of the irreps p,). So

(zxi+0xW+2x(i?q)+0><(i3q>)

(1+(=1)7)

1 if ¢=0,2
0 if ¢=1,3

<Xp|Xq> =

AN

So p is the direct sum of py and ps.

Here’s another Corollary of Theorem 2.2.2.

Corollary 2.2.8. Let x be a character of G. Then x 1is irreducible if and
only if
(xlx) =1

Proof. Write x as a linear combination
X =miX1+ ... +mXy,

of the irreducible characters, for some non-negative integers my,...,m,.
Then

() =Y mm(xilx;)

i,5€(1,7]

2 2
=mj+...+m,

by Corollary 2.2.5. So (x|x) = 1 iff exactly one of the m; = 1 and the rest
are 0. ]
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Recall (Proposition 2.1.5(i)) that a character gives the same value on con-
jugate elements of G. For g € G, we write [g] for the set of elements of G
that are conjugate to g, this is called the conjugacy class of g. If we want
to calculate the inner product of two characters xv, xyw, we don’t need to
evaluate xv (g)xw(g) on each group element, we just need to evaluate it once
on each conjugacy class, i.e.

(v o) = |1?| S v (g)wi (o)

geG

= é > llgllxv(9)xw(9)
9]

Example 2.2.9. Let G = Dy = (0,7 | 0* = 7> = ¢, 07 = 707'). The
conjugacy classes in G are (see Problem Sheets):

Here is a two-dimensional representation of G:

s = (g L) o= (1 5)

(this is just the ‘square’ representation from Example 1.3.7 written in a par-
ticular basis). Then the character x of this representation takes values

g9 | el [o] [r] [o7] [0?]
T 2 2 2 1
X |2 0 0 0 =2

We compute

<X|X>:é((1><22)+0+0+0—|—(1><(—2)2)) —1

so p must be irreducible.

Now we can prove (as promised) that the character completely determines
the representation. It’s really just another corollary of Theorem 2.2.2:
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Theorem 2.2.10. Let py: G — GL(V) and pw: G — GL(W) be represen-
tations, and suppose that xv = xw. Then V and W are isomorphic.

This may look surprising at first, but it’s just a consequence of the fact that
there aren’t very many representations of G!

Proof. Let Uy, ..., U, be the irreps of GG, and Yy, ..., X, be their characters.
We have

V=UMa&.. eUS

for some numbers my, ..., m,, and
!
W=U%@.. U
for some numbers [q,...,l.. So

Xv =MiX1 + ... +=MpXr
and

xw =lxi+...+Lxr
Since xy = xw, we have

m; = <XV’X1’> = <XW|X¢> =

for all . So V and W have the same irrep decompositions, and hence they’re
isomorphic. O

So we can understand everything about representations in terms of charac-
ters, and characters are much easier to work with.

Example 2.2.11. Let G = D,. We know (Example 1.8.14) that G has 4
one-dimensional irreps Uy, Us, Us, Uy, and 1 two-dimensional irrep Us (the

‘square’ representation). So a complete list of the irreducible characters of
D4 is

lg] | le] [o] [r] [o7] [0?]
gl 1 2 2 2 1
i |1 1 1 1 1
v |1 -1 1 -1 1
vs |1 1 1 1 1
val1l 1 1 1 1
s |2 0 0 0 -2




This is called a character table. We can quickly see the following facts:

e For each i, we have \; = x; (since they only take real values). Therefore
each U; is isomorphic to its own dual (U;)*.

e If 1 <i <4, then we have x;x5 = x5. Therefore U; ® Us is isomorphic
to U5.

e Now let’s compute Us ® Us. We have

X5X5 = X1t X2+ X3+ Xa

(in general we could find the coefficients on the right-hand-side by using
the inner product, but in this case it’s quicker to just spot the answer).
So Us ® Us is isomorphic to Uy & Uy & Uz @ Uy.

Example 2.2.12. Let G = D, again. Suppose we’d found all the 1-dimensional
irreps of GG, and we’d deduced that there must a be a 2-dimensional irrep,
but we couldn’t work out what it was (perhaps we were just algebraists and
didn’t know any geometry). Then we could write down most of the character
table, but the bottom line would read

X5‘2abcd

where a,b, c,d are unknown. Corollary 2.2.5 lets us deduce the unknown
values, without finding the representation Us. For each 1 <1 < 4, we must
have (x;|xs) = 0. This gives the four equations

2+2(a+b+c)+d
24+2(-a+b—c)+d
) +d
) +d

I
c o o o

2+2a—-b-c
242(—a—b+c =
Comparing the first equation with the remaining three, we get

atc=b+c=a+b=0

soa=b=c=0, and then d = —2.
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2.3 Class functions and character tables

Definition 2.3.1. A class function for a group G is a function
&G —C
such that

¢(h™'gh) = ¢(g)
for all g, h € G.

So a class function is a function in C% that is constant on each conjugacy
class. It’s elementary to check that the class functions form a subspace of
C%, we denote it by

c§ cc”

Recall that CY has a basis given by the functions

' 1 ifh=g
59'}”){ 0 ifh#g

Similarly, C.; has a basis given by the functions
_ . 1 if h € [g]
5[9]_259'}“_){ 0 ifh¢ [g]
g€lg]
So dim(C§) is the number of conjugacy classes in G.

The space C§ carries a Hermitian inner product, it’s just given by the restric-
tion of the inner product from C%. Notice that if we want to calculate (£[)

where £ and ( are class functions, then we only need to evaluate £(g)((g)
once on each conjugacy class, so the formula becomes

(€le) = ﬁ S lgllE(9)C(9)
]

(we already observed this for the case when ¢ and ¢ are characters). Also
notice that the basis {(5[g]} is orthogonal with respect to this inner product,
but not orthonormal, because we have

a5 p =
Sildi) = ! g
(011 107m1) { 0 it hg
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The numbers % have another interpretation. Recall that the centraliser

of a group element g € GG is the subgroup
C,={heG|hgh™' =g}
of elements that commute with g. By the Orbit-Stabiliser theorem,

|Gl

|Cg| = m

so the norm of dyy is |Cy| 7.

Now let x1,..., X, be the irreducible characters of G. Then each y; is a class
function, and they form an orthonormal set of vectors in C§ (by Corollary
2.2.5), and hence they’re linearly independent. The maximum size of a lin-
early independent set in a vector space is the dimension of the vector space,
SO

r < dimC§

We've just proved:

Proposition 2.3.2. For any group G, the number of irreps of G is at most
the number of conjugacy classes in G.

In fact, a stronger result holds:

Theorem 2.3.3. For any group G, the number of irreps of G equals the
number of conjugacy classes in G.

We're not going to prove this yet, we’ll prove it in Section 3 once we’ve

introduced the technology of group algebras.

Example 2.3.4. Let G = 5;. You should recall that two permutations are
conjugate in S, if and only if they have the same cycle type. So in S; we
have conjugacy classes

(D], [(12)], [(123)], [(1234)], [(12)(34)]

So Sy has 5 irreps. This agrees with what we found in Example 1.8.13.
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Example 2.3.5. Let G = S5. The conjugacy classes in G are
(D], [(12)], [(123)], [(1234)], [(12345)], [(12)(34)], [(123)(45)]

So S5 has 7 irreps.

Theorem 2.3.3 is an unusual result. Since the number of irreps equals the
number of conjugacy classes, it would be reasonable to guess that there’s
some natural way to pair up each irrep with a conjugacy class, and vice
versa. But this is not true! There’s no sensible way to pair them up. The
correct way to think about it is expressed in the following corollary:

Corollary 2.3.6. The irreducible characters xi,...,X» form a basis of CS.

Proof. The irreducible characters form a linearly independent set in C&, and
r = #{conjugacy classes} = dim C§. O

So we have two sensible bases for the vector space C§, we have {4, } which

is indexed by conjugacy classes, and {y;} which is indexed by irreps. The
two bases must have the same size, but there needn’t be a sensible way to
pair up their elements.

We've met character tables already in Section 2.2, but let’s give a formal
definition:

Definition 2.3.7. Let G be a group, let x1, ..., x, be the irreducible charac-
ters of G, and let [g1], ..., [gs] be the conjugacy classes in G. The character
table of GG is the matrix C' with entries

Cij = xi(95)
From Theorem 2.3.3 we know that » = s, so C' is a square matrix.
Example 2.3.8. Let G = S3. Let

g =(1) go=(12) g3=(123)

and let x1, x2, x3 be the characters of the trivial, sign and triangular irreps.
The character table of GG is the matrix
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(1) (12) (123)

il 1 1 1
Yo | 1 -1 1
ys| 2 0 1

As we observed in Corollary 2.3.6, the vector space C§ has two natural bases,

given by the sets {djy,1} and {x;}. Suppose we had some vector written in
terms of the second basis, and we want to express it in terms of the first basis.
Then what we need is the change-of-basis matrix between the two bases, i.e.
we need to express each vector ; in terms of the basis {d},,)}. But this is
easy, because

Xi = Xi(91)0[g) + - - + Xi(9r)01g,]

(since both sides give the same function G — C). These coeflicients are
precisely the entries in C, i.e. C is (the transpose of) the change-of-basis
matrix between our two bases of C&.

Let’s calculate C@T. We have

(CT" )i = > CiiC
j=1

= Z Xi(9:)Xr(95)

gl
(e

This looks like the formula for (x;|x;) but it’s missing the coefficients
If we modify C' by replacing it with the matrix

Bij = xi(9;) ’%P

Then

(BB )y = ZXi(gj)X_k(gJ'> %ﬁ'

= (Xalxk)
(1 ifi=k
10 ifiAk
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So BB' = 1,,i.e. B is a unitary matrix.

Recall that a unitary matrix is exactly a change-of-basis matrix between
two orthonormal bases of a complex vector space (it’s the analogue of an
orthogonal matrix for a real vector space). This explains why we have to make

this modification, the problem is that the basis {d[,,} is not orthonormal.

llgall

Tl However if we rescale

The elements are orthogonal, but they have norms

we can get an orthonormal basis {6[gj] I[‘ﬂ\} and B is the change-of-basis

matrix between this basis and the orthonormal basis {x;}. This is why B is
a unitary matrix (and C' is not).

Proposition 2.3.9. Let [g;] and [g;] be two conjugacy classes in G. Then
r el ifi— i

S %lg)xilgy) =4 Todl U1=

2 0 ifist)

Proof. Let B be the modified character table. We have B~! = ET, soB B=
1,,ie.

—~—— |[g:]ll[g;]|
ZBkinj = (Z Xk (i) Xk (i > G AR
k=1
1 ifi=y
1 0 ifi#y
which implies the proposition. O

Remember that |{G‘ =

a positive integer.

|Cy,| (the size of the centralizer of g;), so this is always

Now we have two useful sets of equations on the character table C"

e Row Orthogonality:
—~ G| ifi=k
S ettt ={ 1§24
j=1

76



e Column Orthogonality:

Zc_kiokj =
=1

= ng| ifi=j
ifi#j

—N—
5la
o

Both of them are really the statement that the modified character table B is
unitary.

Example 2.3.10. Let’s solve Example 2.2.12 again using column orthogo-
nality. We have a partial character table

lg] | le] o] [r] [o7] [07]
ol [1 2 2 2 1
ehlsg 4 4 4 8
[[g]l

vi |1 1 1 1 1
2|1 -1 1 -1 1
s |1 1 -1 -1 1
ya |1l -1 -1 1 1
Xs | 2 a b ¢ d

The [o]-column gives the equation
I1+1+1+1+]af*=4

so a = 0, and similarly b = ¢ = 0. Orthogonality of the [e]-column and the
[02]-column gives the equation

1+1+1+142d=0

so d = —2.

The column orthogonality equations carry exactly the same information as
the row orthogonality equations, but sometimes it’s quicker to use one rather
than the other (or we can use a mixture of both).
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3 Algebras and modules

3.1 Algebras

Consider the vector space Mat,,«,,(C) of all n x n matrices. As well as being
a vector space, we have the extra structure of matrix multiplication, which
is a map

m: Mat,x,(C) X Mat, x,(C) — Mat,xn(C)
m: (M,N)w— MN

This map has the following properties, it is:

(i) Bilinear: it’s linear in each variable.

(ii) Associative:
m(m(L, M), N) = m(L,m(M, N)

" (LM)N = L(MN)

(iii) Unital: there’s an element I,, € Mat,,«,,(C) obeying m(M, ) = m(I, M) =
M for all M € Mat,xn(C).
A structure like this is called an algebra.

Definition 3.1.1. An algebra is a vector space A equipped with a map
m:AxA— A

that is bilinear, associative and unital.

We'll usually write ab when we mean m(a,b). Associativity means that the
expression abe is well defined (without brackets). We’ll generally write 14
for the unit element.

Example 3.1.2. (i) The 1-dimensional vector space C is an algebra, with
m the usual multiplication.
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(i)

(iii)

Let A = C & C, with multiplication

m ((z1, 1), (T2, 92)) = (2172, y192)
Then A is an algebra. The unit is (1,1).

Let A = Clz], the (infinite-dimensional) vector space of polynomials in
x. A is an algebra under the usual multiplication of polynomials, with
unit 14 = 1 (the constant polynomial with value 1). More generally,
we have an algebra A = C[zy,...,z,] of polynomials in n variables.

Let A be the 2-dimensional space with basis {1,z}. Define 1 = 1,
lz = 1 = x and 2? = 0, and extend bilinearly. Then A is an algebra.

Let V' be a vector space, and let A = Hom(V, V). Multiplication is
given by composition of maps. If we pick a basis for V', then A be-
comes isomorphic to Mat, ,(C), and composition of maps corresponds
to multiplication of matrices (Proposition A.2.3). Therefore A is an
algebra.

Except for example (iii), in each of these cases A is a finite-dimensional space.
From now on, we’ll assume our algebras are finite-dimensional. Examples (i)-
(iv) are all commutative, i.e. ab = ba for all a,b € A. We will not assume
that our algebras are commutative.

For this course, the most important algebras are given by the following con-
struction:

Let G be a (finite) group, then we can construct an algebra from G. Suppose
the elements of G are given by {g1,...,¢:}. Consider the set of formal linear
combinations of elements of G:

C[G]:{)\lgl—l—...—i—/\tgt|)\1...)\t€C}

This set is a vector space, we define

()\191 + ...+ )\tgt) + (Mlgl + ...+ utgt) = ()\1 —+ ul)gl + ...+ ()\t + ,ut)gt

and

(g + o+ Aege) = (A1) g1 + -+ (B g8
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The set G sits inside C|[G] as the subset where one coefficient is 1 and the
rest are zero. This set forms a basis for C[G], in fact we could have defined
C|[G] to be the vector space with G as a basis.

C[G] is also an algebra, called the group algebra of G. To define the product
of two basis elements, we just use the group product, i.e. we define

m(g,h) = gh € G C C[G]
Now extend this to a bilinear map.

m : C[G] x C[G] — C[G]
i.e. we define

(Agr + - A+ Nege) (pagn + .-+ juge) = AlMl(Q%) + . a(gg) + -
o A1) - A7)

= E E Aift; Gk
k 4,7 such that
9i9; =9k

This product is associative because the product in G is, and it has unit
ee G CC[G].

Example 3.1.3. Let G = Cy = (e, | ¢* = ¢). Then
CIG] = {he+ Xag | A1, A2 € C}
is a two-dimensional vector space, with multiplication
(Arer 4+ A2g) (e + pag) = Aapune + Aipiog + Xajir g + Aofige
= (Atpn + Aopz)e + (Aipia + Aapun)g

We’ve met this vector space C|[G] before. Recall that the regular representa-
tion of G acts on a vector space V;., which has a basis {b, | g € G}. So Vi,
is naturally isomorphic to C[G], via b, <+ g. We've also met it as the space
C¢ of C-valued functions on G. This has a basis {d,|g € G}.

Warning: For functions &, € C¢ we defined a ‘point-wise’ product
¢ g = &(9)¢(9)
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This makes C% into a algebra, but it’s completely different from the group
algebra C[G]. In the pointwise product,

|6, ifg=nh
595h_{ 0 ifg#h

In particular, C¢ is commutative, whereas C[G] usually isn’t.

We can also define C[G] for infinite groups, but then we get infinite-dimensional
algebras.

Definition 3.1.4. A homomorphism between algebras A and B is a linear
map

f:A—B
such that

(i) f(lA) = 1p
(ii) f(araz) = f(a1)f(az), Vai,ay € A

An isomorphism between A and B is a homomorphism that’s also an iso-
morphism of vector spaces.

Example 3.1.5. Let A = (1,z) where 22 = 0 (from Example 3.1.2(iv)).
There’s a homomorphism

fO:A—>C
14—1
z—0

In fact, fp is the only possible such homomorphism. If f is any homomor-
phism from A to C then we must have f(14) = 1, and

f(@)f(z) = f(2®) = f(0) =0

= [flx)

o
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Example 3.1.6. Let A = C[C5] and let B = C & C as in Example 3.1.2(ii).
Define

fiA>B
e— (1,1)
gH(l’_l)

Then f is an isomorphism of vector spaces, and it’s also a homomorphism,
because

f(la) = fle) = (1,1) = 1p

f(9)" = ((1,-1)* = (1,1) = f(¢*)
So f(ay,as) = f(a1)f(az) for all a;,ay € A by bilinearity. So A and B are
isomorphic algebras.
Most of the rest of this chapter will be devoted to generalizing the previous
example!
Now let A and B be two algebras. The vector space

A® B

is naturally an algebra, it has a product

m ((a1,b1), (az,b2)) = (a1a9, bibs)
The algebra axioms are easy to check, the unit is

laep = (1a,15)

We call this algebra the direct sum of A and B.

Example 3.1.7. If both A and B are the 1-dimensional algebra C, then
A @ B =C@®C is the algebra we defined in Example 3.1.2(ii). If we iterate
this construction we can make a k-dimensional algebra C®* for any k.

The direct sum of group algebras is not a group algebra in general, i.e. if
GGy, Gy are groups then in general there does not exist a group Gj3 such that

C[G1] ® C[G,] = C[G3)
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Definition 3.1.8. Let A be an algebra. The opposite algebra A is the
algebra with the same underlying vector space as A, and with multiplication

m?(a,b) = ba

The algebra axioms for A imply immediately that AP is an algebra, with
the unit 14. Obviously m® is the same as the multiplication on A iff A is
commutative. However, it’s possible for a non-commutative ring to still be
isomorphic to its opposite.

Proposition 3.1.9. Let A = C[G]. Then the linear map

I+ A — A%
I(g)=g"

s an isomorphism of algebras.

Proof. I is an isomorphism of vector spaces (its inverse is I), and it’s a
homomorphism, because

I(gh) = h~'g~" = I(h)I(g)

3.2 Modules

Definition 3.2.1. Let A be an algebra. A (left) A-module is a vector space
M, together with a homomorphism of algebras

p: A— Hom(M, M)
We'll assume all our modules are finite-dimensional (as vector spaces). Of-

ten we’ll be lazy and say things like ‘let M be an A-module’, leaving the
homomorphism p implicit.

The definition of a module is a direct generalization of the definition of a
representation of a group, in fact another name for an A-module is a ‘repre-
sentation of A’. For group algebras, the two concepts are the same:
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Proposition 3.2.2. Let G be a group. Then a C[G|-module is the same
thing as a representation of G.

Proof. Suppose
p : C[G] — Hom(M, M)

is a C[G]-module. Restricting p to the subset G C C[G] gives a function
p: G — Hom(M, M)

For g,h € G we have
plgh) = p(g) © p(h)

using the fact that p is an an algebra homomorphism, and the definition of
the product in C[G]. In particular,

p(g)op(g™") =plg~") o plg) = ple) = 1u

since e is the unit in C[G]. Thus each linear map p(g) has an inverse p(g~1),
so p defines a function

p:G— GL(M)

which we've just shown to be a homomorphism. So it’s a representation of

G.

Conversely, suppose that

p:G— GL(M)
is a representation of G. Extending linearly, we get a linear map
p : C|G] — Hom(M, M)

It follows immediately from the definition of the multiplication in C[G] that
this map p is an algebra homomorphism, and hence defines a C[G]-module.
O

Example 3.2.3. Let A be the 1-dimensional algebra C. Then an A-module
is choice of vector space M and a homomorphism

p: C— Hom(M, M)

However, we must have p(1) = 1,;, and by then by linearity we must have
p(A) = Alp,. Thus there is a unique such p. So a C-module is exactly the
same thing as a vector space.
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Example 3.2.4. Let A = (1, ) with 22 = 0. Suppose M is a 1-dimensional
A-module, i.e. a 1-dimensional vector space M and a homomorphism

p:A— Hom(M,M)=C
By Example 3.1.5 there is a unique such p, defined by p(z) = 0.

Example 3.2.5. A = C ¢ C, and let M be a 1-dimensional module, i.e. a
homomorphism

p: A—C
We must have
(5(1,0))" = 5 ((1,0)*) = 5(1,0)
(5(0,1))* = 5 ((0,1)*) = 5(0, 1)
A(1,0)5(0,1) = 5((1,0)(0,1)) = 50,0) = 0
50,1) + 5(1,0) = 5((1,1)) = p(1a) = 1

There are two solutions, we must set one of the two numbers p(1,0) and
p(0,1) to be 1, and the other to be 0. So A has two 1-dimensional modules.

Recall (Example 3.1.6) that A is isomorphic to C[Cs], so C[Cs] must also
have two 1-dimensional modules. But a C[Cy]-module is the same thing a
representation of Cy, and we know that there are two 1-dimensional repre-
sentations of Cy. So this is consistent!

Since modules are generalizations of representations, we should be able to
carry over some of the definitions and results of Section 1. Let’s do this now.

We begin by generalizing the regular representation. For any algebra A, there
is a canonical A-module, namely A itself. We define the module structure

p: A — Hom(A, A)
by

pla): A— A
b+— ab

i.e. A acts on itself via left multiplication. The algebra axioms immediately
imply that A is an A-module.
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In the special case that A = C[G], we deduce that there is a canonical
representation of G on the vector space C[G]. This is exactly the regular
representation V..

Let’s introduce some simpler notation. Suppose A is an algebra, and
p:A— Hom(M, M)

is an A-module. From now on, we’re going to write am to mean p(a)(m).
Note that the expression abm is well-defined without brackets.

Definition 3.2.6. Let M and N be two A-modules. A homomorphism of
A-modules (or an A-linear map) is a linear map

f:M— N
such that
flax) = af(z)
foralla € Aand z € M.
The set of all A-linear maps from M to NN is a subset
Homy (M, N) C Hom(M, N)

It’s easy to check that it’s a subspace. In fact it’s a subalgebra, because the
composition of two A-linear maps is also A-linear.

Proposition 3.2.7. Let A = C[G] and M and N be A-modules. Let

be the corresponding representations. Then

Homy (M, N) = Homg(M, N)

Proof. Suppose f: M — N is A-linear. Then in particular

f(gz) =gf(zx), VgeGxzeM
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In our old representation notation, this says

f(pa(9)(x)) = pn(g) (f(2))

so f is G-linear.
Conversely, if f: M — N is G-linear then

F(Agr + o4 Aege) (@) = (Mg + - 4 Aege) f ()
by linearity and G-linearity of f, so f is A-linear. m

Definition 3.2.8. A submodule of an A-module M is a subspace N C M
such that
ar € N, Yae A,z € N

Claim 3.2.9. Let A = C[G] be a group algebra, and let M be an A-module,
i.e. a representation of G. Then a submodule of M is the same thing as a
subrepresentation if M.

Definition 3.2.10. Let A be an algebra. An A-module M is simple if it
contains no non-trivial submodules.

Example 3.2.11. (i) Any 1-dimensional module must be simple.

(ii) If A = C|G], then an A-module is simple if and only if the corresponding
representation of G is irreducible. Really, ‘simple’ is just another word
for ‘irreducible’.

Schur’s Lemma is really a fact about simple modules:

Proposition 3.2.12. Let M and N be simple A-modules. Then

1 if M and N are isomorphic

dim Homu (M, N) = { 0 if M and N are not isomorphic

Proof. Use the identical proof to Theorem 1.6.1 and Proposition 1.8.4. [

Definition 3.2.13. Let M and N be A-modules. The direct sum of M
and N is the vector space M & N equipped with the A-module structure

a(z,y) = (az,ay)
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It’s easy to check that M @ N is an A-module, i.e. the above formula does
indeed define a homorphism from A to Hom(M & N, M @& N). It’s also easy
to check that this definition agrees with the definition of the direct sum of
representations in the special case A = C[G].

The inclusion and projection maps
LM ™
M—M®&N_—N
M LN

are all A-linear, so we can view M and N as submodules of M & N.

Lemma 3.2.14. Let L, M, N be three A-modules. Then there are natural
1somorphisms of vector spaces

(1) Homa(L, M & N) = Homyu (L, M) & Homa(L, N)
(11)) Homy(M @& N, L) = Homu (M, L) & Homu (N, L)

Proof. This is just the same as the proof of the corresponding result for
representations (Lemma 1.8.1 and Corollary 1.8.3). To prove (i) we define

P: Hom(L, M ® N) — Hom(L, M) ® Hom(L, N)

f'—>(7TMOf,7TNOf)
and

P~': Hom(L, M) @ Hom(L, N) — Hom(L, M @& N)
(fig) > wmof+inog

and check that both P and P~! are linear, take A-linear maps to A-linear
maps, and are inverse to each other. (ii) is proved similarly. O

As we've seen, many constructions from the world of representations gen-
eralize to modules over an arbitrary algebra A. However, not everything
generalises. For example, the space of all linear maps Hom(M, N) between
two A-modules is not in general an A-module. Similarly, the dual vector
space M* and the tensor product M ® N are not A-modules in general (see
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Problem Sheets). Finally, there’s no generalisation of the trivial representa-
tion. So group algebras are quite special.

To end this section, let’s think about the relationship between taking the
direct sum of algebras, and the direct sum of modules over the same algebra.
Let A@® B be the direct sum of two algebras A and B. If M is an A-module,
then we can view M as an A & B-module by defining

(a,b)(z) = ax

for x € M, i.e. we let b act as zero on M for all b € B. Similarly, every
B-module N can also be viewed as an A @ B-module. So we can form the
direct sum M & N, and this is an A & B-module. The multiplication is

(a,0)(z,y) = (az, by)
forz e M,y e N.
Proposition 3.2.15. Fvery module over A® B is isomorphic to M @& N for

some A-module M and some B-module N.

Before we prove this Proposition, we need a very quick lemma about linear
algebra. Recall that a projection is a linear map

f: V-V
such that f(z) = x whenever z € Im(f).

Lemma 3.2.16. A linear map f:V — V is a projection iff fo f = f.
Proof. Suppose fo f = f. If z € Im(f) then x = f(y) for some y, so
f(z) = f(f(y)) = f(y) = x. Hence f is a projection. Conversely, if f is a

projection, then for any y € V' we have that f(y) € Im(f), so f(f(y)) = f(v).
Since this is true for all y € V we have fo f = f. [

Note that if f: V — V is a projection then the image of f is exactly the set
of z € V such that f(x) = x.

89



Proof of Proposition 3.2.15. Consider the elements (14,0) and (0, 15) in the
algebra A® B. Let’s denote them just by 14 and 1p for brevity. They satisfy
the following relations:

15 =14, 15=1p, 14lp=114=0, lagp=1a+1p
Now let L be any A @ B-module. So we have linear maps

14: L — L
1BZL—>L

By Lemma 3.2.16, both of these linear maps are projections. Let’s define
M =1Im(1a), and N = Im(1g). Since 14 is a projection, a vector x € L lies
in M iff 14(z) = x. Also, for any x € L we have

la(z) +1p(z) = lagp(r) =2

So 14(z) = z iff 15(z) =0, i.e. M is exactly the kernel of 15. Similarly N
is exactly the kernel of 14. By Lemma 1.5.5, the vector space L splits as a

direct sum
L=M&®N

We claim that both M and N are actually submodules of L. To see this,
suppose x € M, i.e. 14(z) = x. Then for any (a,b) € A @ B we have

(a,b)(x) = (a,b)1a(x)
= (a,0)(z)
= 1a(a,0)(x)

This lies in M, since M is the image of 14. Therefore M is a submod-
ule. Futhermore, the A & B-module structure on M is really an A-module
structure, since every element in B acts as zero on M. Similarly, N is a
submodule, and it’s really a B-module. O

Example 3.2.17. Let A = C&C. Since a C-module is nothing but a vector
space, every A-module is of the form U @& W where U and W are vector
spaces. Conversely, if U and W are any two vector spaces, then U & W is
automatically an A-module. The elements (1,0) and (0,1) in A act as the
‘block-diagonal’ linear maps

1, 0 0 0
(0 0) and (0 1W)
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Now recall (Example 3.1.6) that we have an isomorphism of algebras
f:C[Cy] — A
sending
e— (1,1) and g—(1,-1)

Then the inverse isomorphism f~! sends
1 1
(170) = §(€+g) and (Oal) = 5(6_9)

So A-modules are the same thing as C[Cy]-modules, i.e. representations
of Cy. Therefore, if p : Co — GL(V) is a representation, there should be a
canonical way to split up V' as a direct sum U @ W of two subrepresentations.
This is true! Cy has exactly two irreps, the trivial irrep U; and the sign
representation U,. Therefore any representation V' of Cy can be decomposed
as V = U @ W, where U is a direct sum of copies of U, and W is a direct
sum of copies of Us.

The linear map p(g) acts as 1y on U, since U is a trivial subrepresentation,
and it acts as —1y on W, by the definition of the sign representation (in
other words, U and W are the eigenspaces of p(g) with eigenvalues 1 and
—1). Consequently, we have

%(p(e)er(g)) _ (10U 8) and %(,0(6)—0(9)) (8 10W)

So now we have two points-of-view on this splitting: we can either see it from
Maschke’s Theorem, or from the fact that C[Cy] is isomorphic to C & C.

3.3 Matrix algebras

Let V be a vector space. In this section, we’ll study the algebra
Ay = Hom(V,V)

If we pick a basis for V' then Ay becomes an algebra of matrices Mat,, ., (C),
so we'll call any algebra of this form a matrix algebra (even if we haven’t
chosen a basis).
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Since there’s only one vector space (up to isomorphism) for each dimension
n, there’s also only one matrix algebra (up to isomorphism) for each n, and
its dimension is n?.

Lemma 3.3.1. A is naturally isomorphic to Hom(V*, V*).

Proof. Use the map
Hom(V,V) — Hom(V*, V*)%
f—=r (the dual map)

This is an isomorphism of vector spaces, and it’s also a homomorphism be-
cause (fog)* =g* o f*. O

So A is also a matrix algebra, and it’s isomorphic to Ay, because V* and V
have the same dimension. But there’s no natural choice of isomorphism, be-
cause there’s no natural isomorphism between V' and V*. However, if we pick
a basis for V, then V' becomes isomorphic to C", and so does V*, using the
dual basis. Then both Hom(V, V) and Hom(V*, V*) become isomorphic to
Mat,,x,(C). Now the above lemma simply says that we have an isomorphism

Mat,,«,(C) — Mat,,x,(C)?
M— MT

This is obviously an isomorphism of vector spaces, and it’s an algebra homo-
morphism because
(MN)' = NTM*

Now we're going to study the modules over a matrix algebra Ay. There’s
one very obvious module, which is the vector space V. This is automatically
a module over Ay, because we have a canonical homomorphism

Ay — Hom(V, V)
given by the identity map! In other words, we have an action of Ay on V
defined by
fv=f()
If we pick a basis for V' this becomes the action of Mat,,(C) on C" (the
space of column vectors). We’ll prove shortly that in fact the only possible

Ay-modules are direct sums of copies of V', this will be the main result of
this section.
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Lemma 3.3.2. V is a simple Ay-module, i.e. it contains no non-trivial
submodules.

Proof. Suppose N C V is a non-zero submodule, and pick a non-zero vector
x € N. For any y € V, there exists a linear map f € Ay that maps x to y
(for example: extend z to a basis for V' and define f by mapping x to y and
all other basis vectors to zero). Thus fr = f(x) =y liesin N for all y € V|
so N=1V. O

Lemma 3.3.3. Let V' be a vector space (of dimension n) and let Ay =
Hom(V, V). Then Ay is isomorphic as an Ay-module to V.

Proof. Pick a basis for V, so Ay = Mat,«,(C). Then Ay acts on itself by
matrix multiplication, and it acts on V' = C" via the action of matrices on
column vectors. Consider the subspace

(Av)er C Ay
of matrices which are zero except in the kth column, i.e. they look like
0O ... 00ag 0O ... 0
0O ...0wa O ... 0

Then each (Ay )e is a submodule, and it’s isomorphic to V. Also
Ay = P (Av )
k=1

]

So we've shown that the Ay-module Ay is isomorphic to a direct sum of
copies of V. Our goal is to prove that every Ay-module is isomorphic to a
direct sum of copies of V. Before we can begin the proof, we need to quickly
generalize one more result from Section 1.

Recall (Lemma 1.8.11) that if W is any representation of a group G, and V.,
is the regular representation, then there is a natural isomorphism of vector

spaces
Homg(Vyeg, W) =W

This fact generalizes to arbitrary algebras:
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Lemma 3.3.4. For any algebra A, and A-module M, there is a natural
isomorphism of vector spaces

Homu (A, M) =M

Proof. This is exactly the same as the proof of Lemma 1.8.11. We use the
map ‘evaluate at 14"

T: Homa(A, M)
f

M
f(1a)

%
}_>
The inverse to 7' is the map

T-':M — Homu(A, M)
T fa

where f, is the A-linear map

feia— ax

Corollary 3.3.5. For any Ay-module M, we have
dim M = nk
where k = dim Homy (V, M).
Proof. By Lemma 3.3.4 and Lemma 3.3.3 we have isomorphisms of vector
spaces
M = Homu (A, M) = Homyu (VO™ M) = Homu (V, M)®"
O

Theorem 3.3.6. Let M be any Ay -module. Then we have an isomorphism
of Ay -modules
M =V

where k = dim Homy,, (V, M).
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This is one of the most difficult results in this course. We're going to give two
proofs, the first one is more elegant, the second one is quicker and messier.

First proof of Theorem 5.5.6. Corollary 3.3.5 says that M and V& have the
same dimension and hence are isomorphic as vector spaces, but we need to
prove that they’re isomorphic as Ay-modules.

Let {f1,..., fx} be a basis for Homy,, (V, M), and let
F=(f,..., fx) € Homy, (V, M)®* = Homy, (V®* M)

So F is a homomorphism of Ay-modules from V& to M. We want to prove
that F' is an isomorphism, and in fact it’s sufficient to prove that it’s an
injection, because both modules have the same dimension.

Consider the maps
Fﬁl - <f17"'7fl) : V@l - M

where 1 <[ < k. We're going to prove, by induction, that each map F; is
an injection. Since F' = Fy, this will prove the theorem.

(i) First we need to show that F<; = f; : V' — M is an injection. The
kernel of f; is a submodule of V', but V is a simple module (Lemma
3.3.2) and f; is not the zero map, so we must have Ker(f;) = {0}. So
F<; is indeed an injection. Note that the same argument shows that
each map f; : V — M must be an injection.

(ii) Take 1 <[ < k, and assume (for the inductive step) that

Fq:V® 5 M

is an injection. Let N<; C M be the image of this map, it’s a submodule
of M which is isomorphic to V®. Now let N,y C M be the image of
the map fi41 : V. — M. By part (i), Ny is a submodule which is
isomorphic to V. Suppose that

Net 1 Nigy # {0} (1)

The intersection of any two submodules is a submodule (this follows
immediately from the definition of a submodule), so N¢; N Ny is a
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submodule of Nyy1. But Niy; 2V is a simple Ay-module, so we must
have
Na N Nip1 = N

i.e. Niypis contained in N¢;. This implies that f;;; defines an Ay-linear
map
fl+1 V= NSZ

Each of the maps fi, ..., f; also defines an Ay -linear map from V' to F,
so we have a subset

{f1, s fir1} € Homy,, (V, Ng)

of size [ + 1. However, the dimension of this space is

dim Hom 4, (V, N¢;) = dim Hom 4, (V, V') (by the inductive hypothesis)
= dim Homy,, (V, V)® = [

by Schur’s Lemma (Proposition 3.2.12). Therefore the maps fi, ..., fi11
cannot be linearly independent, which contradicts the fact that { fi, ..., fi }
is a basis for Homy,, (V, M). We conclude that (1) is impossible, and
actually N¢; N Ny = {0}.

The image of the map
F§l+1 : V®l+1 — M

is a submodule of M, and it’s spanned by the two submodules N<; and
Ni.4. Since these have trivial intersection, it follows that

Im(F§l+1> = Ngl D Nl+1 = VEBZ D %

So F<;41 is an isomorphism onto its image, i.e. it’s an injection. This
proves the inductive step and completes the proof of theorem.

Second proof of Theorem 5.5.6. We use the same Ay -linear map
F:Ve 5 M
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as in the first proof above. This time, we’re going to prove that F' is a
surjection.

Pick any x € M. We need to show that x is in the image of F'. Under the
isomorphism between M and Homy, (Ay, M), the vector = corresponds to
the Ay-linear map
1, : AV — M
a v ax
In particular, T.(14) = z. Now pick a basis for V', so we can identify V' = C"

(the space of column vectors). We can also identify Ay = Mat,,»,(C), and
we have Ay-linear injections

Ltiv—>AV

given by mapping C" to the space (Ay )e; of matrices which are zero outside
the tth column. Let eq, ..., e, be the standard basis for C", then

1 0 ... 0
" 01 ... 0
ZLt(et) =1 : - |~ I = 1ay
— Do oo

00 1

T, <Z Lt(et)> = (Tuou)(e) =z €M

t=1 t=1
Now each map T, o ¢ is in Homgu, (V, M), so it can be written as a linear
combination of the basis vectors

Tooty=Afi+...+ M fu

for some coefficients \i € C. Therefore

n n k

T = Z(Tx o 1s)(er) = Z Z Aifz‘(&t)

=1 t=1 i=1
k n n n
:Zfz (Z)\iet) =F (Z)\%et,...,Z)\fet)
i=1 t=1
So F'is indeed surjective. O
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[Aside: What we’ve actually proved is that M is isomorphic as an Ay -module
to
V ® Homyu,, (V, M)

where we give the latter an Ay -module structure by letting Ay act only on
the V' factor.]

So up to isomorphism, there is one Ay-module
vV, Ve L Ve

for each positive integer k. This is similar to the situation for vector spaces
(= C-modules), up to isomorphism there’s one vector space

C, C?, ..., Ck ...

for each k. This similarity goes further. Since V' is simple (Lemma 3.3.2),
we have

Homy, (V,V) = C = Hom(C, C)

by Schur’s Lemma (Proposition 3.2.12). How about Hom 4, (V%2 V¥2)? We
have
Hom,, (V¥2, V%) = Homy, (V, V)

i.e. to specify an Ay-linear map f: V% — V2 we have to give four maps

Ji1, fi2, fa1, fao € Homy,, (V, V). Then
f(x1,22) = (fu(wr) + fiz(w2), for (1) + faz(72))

But each f;; € Homyu, (V,V) is just a complex number, so we can write the

above formula as o f
- 11 J12 T1
f(thg) B (f21 f22) ($2)

Writing it this way, it should be clear that the composition of two Ay -linear
maps from V%2 to V¥2 is given by multiplying together the two corresponding
2 x 2-matrices. So we have an isomorphism of algebras

Homy, (V2 V2) 2 Mats,o(C) = Hom(C?, C?)
(we’ll prove this more carefully in the next section). More generally:

Hom 4, (V V) = Mat;(C)
= Hom(C*, C')
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and composition of maps corresponds to matrix multiplication.

So Ay-modules match up with C-modules, and Ay-linear maps match up
with C-linear maps. Technically, this is called an equivalence of cate-
gories. We say that Ay and C are Morita equivalent.

3.4 Semi-simple algebras

Definition 3.4.1. An A-module M is semi-simple if it’s isomorphic to a
direct sum of simple A-modules.

This was not an important concept for representations of groups. This is
because, thanks to Maschke’s Theorem, every representation of a group is
semi-simple. But for general algebras, this is not true.

Example 3.4.2. Let A = (1,z) with 22 = 0. Let M be the A-module given
by A itself. Let’s look for 1-dimensional submodules of M, i.e. subspaces

(A+px) C A

that are preserved under left-multiplication by all elements of A. We must
have
(A4 px) = v € (A + px)

So A = 0, and hence the subspace (x) is the only 1-dimensional submodule.
So M is not simple (it contains a 1-dimensional submodule), but also it
doesn’t split up as a sum of a direct sum of simples, so M is not semi-simple
either.

Proposition 3.4.3. If M is a semi-simple module, then its decomposition
into simple A-modules is unique, up to isomorphism and re-ordering of the
summands.

Proof. This is a generalisation of Theorem 1.8.6, and the proof is exactly the
same. If N is any simple module, then dim Hom4 (N, M) is the multiplicity
with which N occurs in M. O]

Definition 3.4.4. An algebra A is semi-simple if every A module is semi-
simple.
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So C[G] is semi-simple for any finite group, but Example 3.4.2 shows that
the algebra (1, z) is not semi-simple.

By Theorem 3.3.6, the matrix algebra Ay = Hom(V, V') is semi-simple, be-
cause every Ay-module is a direct sum of copies of the simple Ay-module
V.

Theorem 3.4.5 (Classification of semi-simple algebras). Let A be an algebra.
The following are equivalent:

(1) A is semi-simple.

(i) The A-module A is a semi-simple module.

(111) A is isomorphic to a direct sum of matriz algebras.
[Aside: This is over C. It can be generalised to other fields but the statement
becomes more complicated.]

Notice that (i) = (ii) by definition. The fact that (iii) = (i) folllows imme-
diately from the following:

Lemma 3.4.6. If A and B are semi-simple algebras then so is A® B.

Proof. By Lemma 3.2.15 every module over A® B is a direct sum M @ N for
an A-module M and a B-module N. If A and B are semi-simple, we have
further splittings

M=M®®...® M,
N=N&...0N

where the M, are simple A-modules and the N; are simple B-modules. But
then each M, and N; is a simple A @ B module, so M @& N is semi-simple.
So every (A @ B)-module is semi-simple. ]

Every matrix algebra is semi-simple, so this proves that (iii)=-(i) in Theorem
3.4.5. The hardest part of the theorem is the fact that (ii)=- (iii). We’ll prove
it in stages.
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Lemma 3.4.7. For any algebra A, there is a natural isomorphism of algebras

A% = Homu(A, A)

Proof. We know (Lemma 3.3.4) that for any A-module M there is a natural
isomorphism of vector spaces

T :Homa(A, M) - M
e f(1a)

Setting M = A, we get an isomorphism of vector spaces
T: Homy(A,A) — A

We have
T(f) = f(1a) = f(1a)la

and therefore
T(go f)= (g0 f)(1a) = g(f(1a)) = f(1a)g(1a)

since g is A-linear. This says that T' is a homomorphism from Hom (A, A)
to AP, O

Lemma 3.4.8. For any algebra A, and any simple A-module M, we have
an isomorphism of algebras

Homy (M®*, M®*) =2 Matjx(C)

We saw a rough argument for this in the previous section, in the case that
A=Ay and M =V.

Proof. Let ej; be the matrix that maps e; to e;, i.e. the (ij)-th entry is 1
and all other entries are zero. These matrices form a basis for Matg.,(C) (in
fact they’re the standard basis), and they obey the relations

N - €jq le:p
eﬂem_{ 0 ifi#p
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Now let
7 MR 5 M
tj M — Mk

be projection onto on the ith factor and inclusion of the jth factor respec-
tively, and define
fii =tjom: MO — MpoF

These maps are evidently linearly independent, and obey the same relations
as the ej;.

We define a linear map from Maty(C) to Hom4(M®* M®*) by sending e;;
to fji. This map is injective because the fj; are linearly-independent, and
it’s an algebra homomorphism because it respects the relations between the
ej;- So it must be an isomorphism, because

dim Hom 4 (M®*, M®*) = dim Hom (M, M)®** = k? = dim Maty;(C)

by Schur’s Lemma. O
Now we can finish the proof of the theorem.

Proof of Theorem 3.4.5(ii)=(iii). Assume A is a semi-simple A-module. So
we have an isomorphism of A-modules

A=MP"o...¢ M™

for some numbers mq, ..., my where each M; is a simple module, and M; is
not isomorphic to M; for ¢ # j. Then by Lemma 3.4.7,

A? = Homu (A, A)
= @5 Homa(M™, M™)
= H(J)m AME™ MP™) @ ... @ Homa (M MZ™)
by Schur’s Lemma. By Lemma 3.4.8 we have
Hom 4 (M M) = Mat,p, xm, (C)
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So
AP = Matm1 Xmq (C) ©...0 Matmkxmk (C)

and thus
A = Mab, xm, (C) @ ... & Mat,, xm, (C)%

But each Mat,,, «m,(C)° is a matrix algebra by Lemma 3.3.1. O

This completes the proof of Theorem 3.4.5.

If we look at the proof of the theorem again, we see we can actually make
some more precise statements, which we list as the following corollaries.

Corollary 3.4.9. Let A be a semi-simple algebra. Then A has only finitely-
many simple modules up to isomorphism.

Proof. We know A is isomorphic to
Hom(V3, Vi) @ ... ® Hom(V,,V,)

for some vector spaces Vi,...,V,. Each V; is a simple Hom(V;, V;)-module,
and hence is also a simple A-module. By Lemma 3.2.15 and Theorem 3.3.6,
every A-module is a direct sum of copies of these r simple modules. In
particular, Vi, ..., V, are the only simple A-modules. ]

Corollary 3.4.10. Let A be a semi-simple algebra and let the simple A-
modules be My, ..., M,, where M; has dimension d;. Then

(1) A is isomorphic as an A-module to

MMM g, @M

(i1) A is isomorphic as an algebra to

Matdlxdl (C) e...D Matdrxdr ((C)

Proof. Since A is semi-simple, A is isomorphic as an A-module to

r

P

i=1
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for some numbers myq,...,m,. We observed in the proof of Theorem 3.4.5
((ii)=-(iil)) that this implies that A is isomorphic as an algebra to

é Mat,,, sem, (C)
i=1

But then there are r simple A-modules with dimensions my, ..., m,, i.e. we
must have d; = m; for all i. This proves (i) and (ii). O

Corollary 3.4.11. Let A be semi-simple, and let the dimensions of the sim-
ple A-modules be dy,...,d,.. Then

dim A =) " d?
i=1
Proof. Immediate from Corollary 3.4.10(ii). O

Our favourite example of a semi-simple algebra is a group algebra. Setting
A = CI|G] in the above results, we recover Theorem 1.8.8, Corollary 1.8.9
and Corollary 1.8.12 as special cases. But we also have a new result, which
is a special case of Corollary 3.4.10(ii):

Corollary 3.4.12. Let G be a group, and let dy,...,d, be the dimensions of
the irreps of G. Then C[G] is isomorphic as an algebra to

Matdlxdl ((C) D...D Matdrxdr (C)

As we've stated it, this result only tells us that such an isomorphism exists,
it doesn’t tell us how to write one down. In the case G = (5, we actually
found an isomorphism

ClCy) =5 CaC

explicitly (and the case G = Cj is in the Problem Sheets). In fact with just
a little more work we can see how to find this isomorphism more explicitly
for a general G.

Proposition 3.4.13. Let A be semi-simple, and let My, ..., M, be the simple
A-modules. Let
ﬁi A — HOHl(MZ', MZ)
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be the module structure maps for each simple module, and let
p=(p1,., pr) : A— Hom(M,y, M;) & ... & Hom(M,, M,)

Then p is an isomorphism of algebras.
This proposition is a more precise version of Corollary 3.4.10(ii).

Proof. Firstly, suppose A is a matrix algebra Ay,. There is only simple Ay-
module, namely the vector space V' (with its canonical Ay-module structure).
Then the proposition claims that the map

p: Ay — Hom(V,V)

is an isomorphism, which is certainly true, since this map is actually the
identity! More generally, suppose that A is a direct sum of matrix algebras,
A=Ay, ®...4Ay.. Then A has r simple modules, given by the vector spaces
Vi,..., V.. So the map p is again the identity map

p:A— Hom(Vy, Vi) @ ... & Hom(V,, V}.)

so it’s an isomorphism. But every semi-simple algebra is isomorphic to a
direct sum of matrix algebras, so the proposition is true. O

Corollary 3.4.14. Let G be a group, and let
pi: G — Hom(U;, U;)
be the irreps of G. Let
pi : C|[G] — Hom(U;, U;)

be the linear extension of p;, and let

p=(p,....p): C[G] = @ Hom(U;, U;)

=1

Then p is an isomorphism of algebras.
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Example 3.4.15. Let G = S3 = (0,7 | 0 = 7> = ¢,07 = 70?). G has three
irreps of dimensions 1, 1 and 2, so we have an isomorphism

C[G] = C & C @ Matax»(C)
w 0
o (10 )
0 1
m(l,_l, (1 0))

There’s a nicer way to write this. We can view Mat,,«,,(C) @ Mat,;,x,(C) as
a subalgebra of Mat (,1)x (nt+m)(C) consisting of block-diagonal matrices

6 2)

So in the above example, we have a homomorphism

C[G] — Mat x4(C)

(where w = ¢3").

10 0 O
N 010 0
0 0w O
000 wt
1 0 00
SN 0 -1 00
0 0 01
0 0 10

which is an isomorphism onto the subalgebra of block-diagonal matrices (with
blocks of sizes 1, 1, and 2). Of course, this is just the matrix representation
corresponding to U; @ Us & Us.

3.5 Centres of algebras

Definition 3.5.1. Let A be an algebra. The centre of A is the subspace
Za={z€A|za=az, VYac€ A}
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Z 4 is a subalgebra of A, and it’s commutative. Obviously Z, = A iff A is
commutative.

Proposition 3.5.2. Let V' be a vector space, and Ay = Hom(V, V). Then
ZAI{)\l\/|)\€C}

so Z 4 s the 1-dimensional algebra.

Proof. Pick a basis for V, so Ay = Mat,,«,(C). Then the statement is that

the only matrices that commute with all other matrices are AI,, for A € C.
This is easy to check. O

Corollary 3.5.3. Let A be a semi-simple algebra. Then Z, is isomorphic
(as an algebra) to C®¥", where r is the number of simple A-modules.

Proof. By Proposition 3.4.13, A is isomorphic to a direct sum of matrix
algebras Ay, @ ... & Ay, where My, ..., M, are the simple A-modules. It’s
elementary to check that Z4, g4, = Za, & Z4, for any two algebras A; and
Ag, and the result follows. m

Now let A = C[G] for a group G. If g € G is in the centre of G (i.e. it
commutes with all other group elements), then clearly \g € A lies in Z4 for
any A € C. However, Z, is usually larger than this.

Proposition 3.5.4. Let A = C|G|. Then Z, C A is spanned by the elements

Z[g]:ZhEA

helg]

for each conjugacy class [g] in G.

Proof. Let G ={g1,...,gx}, so a general element of C[G] looks like
a = /\9191 + e Agkgk
for some A\,,, ..., Ay, € C. Then a is in Z, iff

ag = ga < g_lag:a
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for all g € GG. This holds iff
A

99i971 — >\9i

for all g and g; in G, i.e. iff

a= Z Algl?lg]

conjugacy classes

9] in G

for some scalars A, € C.

]

The elements z[y) are obviously linearly independent, so dim Z¢(g; is the num-
ber of conjugacy classes in G. If we identify C[G] with C¥ by sending

g <> 0y

then the element z(; maps to d|y), and Z¢|g corresponds exactly to the space
of class functions

c§ cc”
We are finally in a position to explain the proof of Theorem 2.3.3, that for
any group G

#{conjugacy classes in G} = #{irreps of G}
Proof of Theorem 2.5.3. Let Uy, ..., U, be the irreps of G. Then we know
from Corollary 3.4.14 that we have an isomorphism of algebras
p~ : (C[G] — 14[]1 b ... P AUT

By Corollary 3.5.3 this means that Z¢g) is isomorphic to C®", and in par-
ticular that dim Z¢(g = 7. Since dim Zgg) is also the number of conjugacy
classes in (G, this proves the theorem. O

A Revision on linear maps and matrices

This appendix contains some brief revision material on the relationship be-
tween matrices and linear maps.
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A.1 Vector spaces and bases

We let C™ be the set of column vectors

At

This is a vector space of dimension n (over C). It comes with its standard
basis ey, e, ..., e,, Where e; is the column vector in which \; = 1 and all the
other \; are zero. We can write the column vector above as Y ", Ae;.

Now let V' be an abstract n-dimensional vector space (over C).

Proposition A.1.1. Choosing a basis for V is the same thing as choosing
an isomorphism

~

f:C"—V

Proof. Suppose we’ve chosen such an isomorphism f. Then the images of the
standard basis vectors under f give us a basis for V. Conversely, suppose
ai,...,a, € V is a basis. Define a linear map f : C* — V by mapping e; to
a;, and then extending linearly. Then f is an isomorphism, because every
vector v € V' can be uniquely expressed as a linear combination

vV = )\1(1,1 + )\2@2 + ...+ )\nan

A.2 Linear maps and matrices

Proposition A.2.1. Linear maps from C" to C™ are the same thing as
m X n matrices (with complez coefficients).

Proof. Each matrix M € Mat,,,«,,(C) defines a linear map
¢:C"—C™
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by multiplying column vectors by M (on the left). Notice that the image
¢(e;) of the ith standard basis vector is the column vector which forms the
1th column of M.

Conversely, suppose ¢ : C* — C™ is any linear map. Let M € Mat,,x,(C)
be the matrix whose columns are the vectors ¢(eq), ¢(e2), ..., d(e,), i.e.

m
dle:) =Y Mjié;
j=1
where €4, ..., €, is the standard basis for C™. Then for any column vector

n
v = Z Ae; € C?
i=1

we have
$(v) = Z Aigles) = Z A (Z Mjiéj> B Z (Z Mji/\i) €
=1 i=1 Jj=1 J=1 =1
so the linear map ¢ is exactly multiplication by the matrix M. O

Corollary A.2.2. Let V and W be abstract vector space of dimensions n
and m respectively. Choose a basis A = {ay,...,a,} for V, and a basis
B = {b,...,bp} for W. Then we have a bijection between the set of linear
maps from V to W and the set of m X n matrices.

Proof. Because we’ve chosen bases for V and W, we have corresponding
isomorphims

~ ~

fa:C"—V, f5:C" — W
by Proposition A.1.1. Let
p: V=W
be a linear map. Then the composition
6= f5'opo fa
is a linear map from C" to C™, so it has a corresponding matrix M. Con-

versely, any matrix M € Mat,,y, defines a linear map ¢ : C* — C™, and
hence a linear map

p=fgopofy VW
Clearly this gives a bijection between linear maps and matrices. ]
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Let’s make this bijection between linear maps and matrices more explicit.
Consider the diagram:

By the definition of the matrix M, we have

(e) =Y Mjeé
j=1
Thus

61>)
- fB (Z M]Ze]) Z ]ZfB

= Z Mjb,

j=1

So the ith column of M is the image of the basis vector a;, expressed as a
column vector using the basis B.

Proposition A.2.3. Let ¢ : C* — C™ be a linear map with corresponding
matriz M, and let p : C™ — CP be a linear map with corresponding matriz
N. Then the composition 1) o ¢ corresponds to the matriz product N M .

Proof. We have

m p
(ez) = Z Mjiéj7 ¢(éj) = ZNkjék
j=1 k=1
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where €4, ..., ¢, is the standard basis for CP. Therefore

(10 §)(es) = (Z zej> =Y Mjit(&))

m P m
S (Ywa) - (S
j=1 k=1 k=1 \j=1
p
= (NM)giéy
k=1
So the matrix NM corresponds to ¢ o ¢. O

A.3 Changing basis

Let V' be an n-dimensional vector space, and let A = {a4,...,a,} C V and
C ={c1,...,cn} CV be two different possible bases for V. Then by Proposi-
tion A.1.1 we have isomorphisms

> N
cr cr
fatofe

The composition f;l o fe is an isomorphism from C" to C”, so it correponds
to some invertible n x n matrix P. We'll call P the change-of-basis matrix
between A and C. Note that

ci = feles) = fa(fa' o feles)) = fa (Z Pjiej>
j=1
Z ifale;) = Puay+ Pyas + ...+ Pyay,

i.e. the entries of P tell you the coefficients of the vectors in the second basis
C, expressed using the first basis A.
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In particular, suppose that V' is actually C", and that A = {eq, ..., e,} is the
standard basis (so f4 is the identity map). Then the columns of P are the
vectors that form the second basis C. This gives a bijection between the set
of possible bases for C™ and the set of invertible n X n matrices.

Now let V and W be two vector spaces, of dimensions n and m respectively.
In Corollary A.2.2 we saw that linear maps from V' and W corresponded to
n X m matrices, after we’d chosen bases for V and W. For a given linear
map ¢, the matrix that we write down depends on our choice of bases, and
if we change our choice of bases then the matrix that represents ¢ will also
change.

Proposition A.3.1. Let V and W be two vector spaces of dimensions n and
m respectively, and let
p: V=W

be a linear map. Let A be a basis for V and B be a basis for W, and let
M € Mat,,«,(C)

be the matrixz representing ¢ with respect to the bases A and B. Now let C be
a second choice of basis for V', and let N be the matrix representing ¢ with
respect to the bases C and B. Then

N=MP

where P is the change-of-basis matriz between A and C.

Proof. Examine the following diagram:

f5 towofe
(Cn
\CJ
Filole V2w I em
e
(Cn
f5 fowofa

We have
(fg'opofe)=(fg'opofa)o(fi'ofe)
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These three linear maps correspond to the matrices N, M and P respectively,

SO
N=MP

by Proposition A.2.3. m
Now suppose that D is a second choice of basis for W, and let () be the

change-of-basis matrix between B and D. A very similar proof shows that
the matrix representing ¢ with respect to the bases A and D is

QM
and that the matrix representing ¢ with respect to C and D is

Q'MP

Now let’s specialize to the case that W and V' are actually the same vector
space:

Corollary A.3.2. Let V' be an n-dimensional vector space.

i) If we choose a basis A for' V', then we get a bijection between Mat,,«,(C)
and the set of linear maps from V to V.

ii) Let
p: V=V

be a linear map, and let M be the matrix representing ¢ with respect
to the basis A. Now let C be another basis for V, and let P be the
change-of-basis matriz between A and C. Then the matriz representing
@ with respect to the basis C 1is

P 'MP
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